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Introduction

Euclid’s Elements is by far the most famous mathematical work of classical antiquity, and also has the distinction
of being the world’s oldest continuously used mathematical textbook. Little is known about the author, beyond
the fact that he lived in Alexandria around 300 BCE. The main subjects of the work are geometry, proportion, and
number theory.

Most of the theorems appearing in the Elements were not discovered by Euclid himself, but were the work of
earlier Greek mathematicians such as Pythagoras (and his school), Hippocrates of Chios, Theaetetus of Athens, and
Eudoxus of Cnidos. However, Euclid is generally credited with arranging these theorems in a logical manner, so as to
demonstrate (admittedly, not always with the rigour demanded by modern mathematics) that they necessarily follow
from five simple axioms. Euclid is also credited with devising a number of particularly ingenious proofs of previously
discovered theorems: e.g., Theorem 48 in Book 1.

The geometrical constructions employed in the Elements are restricted to those which can be achieved using a
straight-rule and a compass. Furthermore, empirical proofs by means of measurement are strictly forbidden: i.e.,
any comparison of two magnitudes is restricted to saying that the magnitudes are either equal, or that one is greater
than the other.

The Elements consists of thirteen books. Book 1 outlines the fundamental propositions of plane geometry, includ-
ing the three cases in which triangles are congruent, various theorems involving parallel lines, the theorem regarding
the sum of the angles in a triangle, and the Pythagorean theorem. Book 2 is commonly said to deal with “geometric
algebra”, since most of the theorems contained within it have simple algebraic interpretations. Book 3 investigates
circles and their properties, and includes theorems on tangents and inscribed angles. Book 4 is concerned with reg-
ular polygons inscribed in, and circumscribed around, circles. Book 5 develops the arithmetic theory of proportion.
Book 6 applies the theory of proportion to plane geometry, and contains theorems on similar figures. Book 7 deals
with elementary number theory: e.g., prime numbers, greatest common denominators, etc. Book 8 is concerned with
geometric series. Book 9 contains various applications of results in the previous two books, and includes theorems
on the infinitude of prime numbers, as well as the sum of a geometric series. Book 10 attempts to classify incommen-
surable (i.e., irrational) magnitudes using the so-called “method of exhaustion”, an ancient precursor to integration.
Book 11 deals with the fundamental propositions of three-dimensional geometry. Book 12 calculates the relative
volumes of cones, pyramids, cylinders, and spheres using the method of exhaustion. Finally, Book 13 investigates the
five so-called Platonic solids.

This edition of Euclid’s Elements presents the definitive Greek text—i.e., that edited by J.L. Heiberg (1883-
1885)—accompanied by a modern English translation, as well as a Greek-English lexicon. Neither the spurious
books 14 and 15, nor the extensive scholia which have been added to the Elements over the centuries, are included.
The aim of the translation is to make the mathematical argument as clear and unambiguous as possible, whilst still
adhering closely to the meaning of the original Greek. Text within square parenthesis (in both Greek and English)
indicates material identified by Heiberg as being later interpolations to the original text (some particularly obvious or
unhelpful interpolations have been omitted altogether). Text within round parenthesis (in English) indicates material
which is implied, but not actually present, in the Greek text.

My thanks to Mariusz Wodzicki (Berkeley) for typesetting advice, and to Sam Watson & Jonathan Fenno (U.
Mississippi), and Gregory Wong (UCSD) for pointing out a number of errors in Book 1.



ELEMENTS BOOK 1

Fundamentals of Plane Geometry Involving
Straight-Lines
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Definitions

1. A point is that of which there is no part.

2. And a line is a length without breadth.

3. And the extremities of a line are points.

4. A straight-line is (any) one which lies evenly with
points on itself.

5. And a surface is that which has length and breadth
only.

6. And the extremities of a surface are lines.

7. A plane surface is (any) one which lies evenly with
the straight-lines on itself.

8. And a plane angle is the inclination of the lines to
one another, when two lines in a plane meet one another,
and are not lying in a straight-line.

9. And when the lines containing the angle are
straight then the angle is called rectilinear.

10. And when a straight-line stood upon (another)
straight-line makes adjacent angles (which are) equal to
one another, each of the equal angles is a right-angle, and
the former straight-line is called a perpendicular to that
upon which it stands.

11. An obtuse angle is one greater than a right-angle.

12. And an acute angle (is) one less than a right-angle.

13. A boundary is that which is the extremity of some-
thing.

14. A figure is that which is contained by some bound-
ary or boundaries.

15. A circle is a plane figure contained by a single line
[which is called a circumference], (such that) all of the
straight-lines radiating towards [the circumference] from
one point amongst those lying inside the figure are equal
to one another.

16. And the point is called the center of the circle.

17. And a diameter of the circle is any straight-line,
being drawn through the center, and terminated in each
direction by the circumference of the circle. (And) any
such (straight-line) also cuts the circle in half.

18. And a semi-circle is the figure contained by the
diameter and the circumference cuts off by it. And the
center of the semi-circle is the same (point) as (the center
of) the circle.

19. Rectilinear figures are those (figures) contained
by straight-lines: trilateral figures being those contained
by three straight-lines, quadrilateral by four, and multi-
lateral by more than four.

20. And of the trilateral figures: an equilateral trian-
gle is that having three equal sides, an isosceles (triangle)
that having only two equal sides, and a scalene (triangle)
that having three unequal sides.
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21. And further of the trilateral figures: a right-angled
triangle is that having a right-angle, an obtuse-angled
(triangle) that having an obtuse angle, and an acute-
angled (triangle) that having three acute angles.

22. And of the quadrilateral figures: a square is that
which is right-angled and equilateral, a rectangle that
which is right-angled but not equilateral, a rhombus that
which is equilateral but not right-angled, and a rhomboid
that having opposite sides and angles equal to one an-
other which is neither right-angled nor equilateral. And
let quadrilateral figures besides these be called trapezia.

23. Parallel lines are straight-lines which, being in the
same plane, and being produced to infinity in each direc-
tion, meet with one another in neither (of these direc-
tions).

T This should really be counted as a postulate, rather than as part of a definition.
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Postulates

1. Let it have been postulated’ to draw a straight-line
from any point to any point.

2. And to produce a finite straight-line continuously
in a straight-line.

3. And to draw a circle with any center and radius.

4. And that all right-angles are equal to one another.

5. And that if a straight-line falling across two (other)
straight-lines makes internal angles on the same side
(of itself whose sum is) less than two right-angles, then
the two (other) straight-lines, being produced to infinity,
meet on that side (of the original straight-line) that the
(sum of the internal angles) is less than two right-angles
(and do not meet on the other side).*

T The Greek present perfect tense indicates a past action with present significance. Hence, the 3rd-person present perfect imperative "Hithio0w

could be translated as “let it be postulated”, in the sense “let it stand as postulated”, but not “let the postulate be now brought forward”. The

literal translation “let it have been postulated” sounds awkward in English, but more accurately captures the meaning of the Greek.

t This postulate effectively specifies that we are dealing with the geometry of flat, rather than curved, space.
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Common Notions

1. Things equal to the same thing are also equal to
one another.

2. And if equal things are added to equal things then
the wholes are equal.

3. And if equal things are subtracted from equal things
then the remainders are equal.”

4. And things coinciding with one another are equal
to one another.

5. And the whole [is] greater than the part.

 As an obvious extension of C.N.s 2 & 3—if equal things are added or subtracted from the two sides of an inequality then the inequality remains
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Proposition 1

To construct an equilateral triangle on a given finite
straight-line.
C

Let AB be the given finite straight-line.

So it is required to construct an equilateral triangle on
the straight-line AB.

Let the circle BC'D with center A and radius AB have
been drawn [Post. 3], and again let the circle ACE with
center B and radius BA have been drawn [Post. 3]. And
let the straight-lines C A and C'B have been joined from
the point C, where the circles cut one another, to the
points A and B (respectively) [Post. 1].

And since the point A is the center of the circle CDB,
AC is equal to AB [Def. 1.15]. Again, since the point
B is the center of the circle CAE, BC is equal to BA
[Def. 1.15]. But C' A was also shown (to be) equal to AB.
Thus, C'A and CB are each equal to AB. But things equal
to the same thing are also equal to one another [C.N. 1].
Thus, C'A is also equal to CB. Thus, the three (straight-
lines) CA, AB, and BC are equal to one another.

Thus, the triangle ABC' is equilateral, and has been
constructed on the given finite straight-line AB. (Which
is) the very thing it was required to do.

 The assumption that the circles do indeed cut one another should be counted as an additional postulate. There is also an implicit assumption

that two straight-lines cannot share a common segment.
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Proposition 2f

To place a straight-line equal to a given straight-line
at a given point (as an extremity).

Let A be the given point, and BC' the given straight-
line. So it is required to place a straight-line at point A
equal to the given straight-line BC.

For let the straight-line AB have been joined from
point A to point B [Post. 1], and let the equilateral trian-
gle D AB have been been constructed upon it [Prop. 1.1].
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And let the straight-lines AF and BF have been pro-
duced in a straight-line with DA and DB (respectively)
[Post. 2]. And let the circle CGH with center B and ra-
dius BC have been drawn [Post. 3], and again let the cir-
cle GK L with center D and radius DG have been drawn
[Post. 3].
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Therefore, since the point B is the center of (the cir-
cle) CGH, BC is equal to BG [Def. 1.15]. Again, since
the point D is the center of the circle GK L, DL is equal
to DG [Def. 1.15]. And within these, DA is equal to DB.
Thus, the remainder AL is equal to the remainder BG
[C.N. 3]. But BC was also shown (to be) equal to BG.
Thus, AL and BC are each equal to BG. But things equal
to the same thing are also equal to one another [C.N. 1].
Thus, AL is also equal to BC.

Thus, the straight-line AL, equal to the given straight-
line BC, has been placed at the given point A. (Which
is) the very thing it was required to do.

T This proposition admits of a number of different cases, depending on the relative positions of the point A and the line BC. In such situations,

Euclid invariably only considers one particular case—usually, the most difficult—and leaves the remaining cases as exercises for the reader.
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Proposition 3

For two given unequal straight-lines, to cut off from
the greater a straight-line equal to the lesser.

Let AB and C be the two given unequal straight-lines,
of which let the greater be AB. So it is required to cut off
a straight-line equal to the lesser C from the greater AB.

Let the line AD, equal to the straight-line C, have
been placed at point A [Prop. 1.2]. And let the circle
DEF have been drawn with center A and radius AD
[Post. 3].
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And since point A is the center of circle DEF, AE
is equal to AD [Def. 1.15]. But, C is also equal to AD.
Thus, AE and C are each equal to AD. So AF is also
equal to C' [C.N. 1].

C

F

Thus, for two given unequal straight-lines, AB and C,
the (straight-line) AF, equal to the lesser C, has been cut
off from the greater AB. (Which is) the very thing it was
required to do.

Proposition 4

If two triangles have two sides equal to two sides, re-
spectively, and have the angle(s) enclosed by the equal
straight-lines equal, then they will also have the base
equal to the base, and the triangle will be equal to the tri-
angle, and the remaining angles subtended by the equal
sides will be equal to the corresponding remaining an-
gles.

A D

B C E F

Let ABC and DEF be two triangles having the two
sides AB and AC equal to the two sides DE and DF, re-
spectively. (Thatis) AB to DE, and AC to DF. And (let)
the angle BAC (be) equal to the angle EDF'. I say that
the base BC is also equal to the base EF, and triangle
ABC will be equal to triangle DEF, and the remaining
angles subtended by the equal sides will be equal to the
corresponding remaining angles. (Thatis) ABC to DEF,
and ACB to DFE.

For if triangle ABC is applied to triangle DEF,! the
point A being placed on the point D, and the straight-line
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AB on DE, then the point B will also coincide with F,
on account of AB being equal to DE. So (because of)
AB coinciding with DE, the straight-line AC will also
coincide with DF, on account of the angle BAC' being
equal to EDF'. So the point C will also coincide with the
point F, again on account of AC' being equal to DF'. But,
point B certainly also coincided with point E, so that the
base BC will coincide with the base E'F. For if B coin-
cides with F, and C with F, and the base BC does not
coincide with E'F, then two straight-lines will encompass
an area. The very thing is impossible [Post. 1].} Thus,
the base BC will coincide with EF, and will be equal to
it [C.N. 4]. So the whole triangle ABC will coincide with
the whole triangle DEF, and will be equal to it [C.N. 4].
And the remaining angles will coincide with the remain-
ing angles, and will be equal to them [C.N. 4]. (That is)
ABC to DEF, and ACB to DFE [C.N. 4].

Thus, if two triangles have two sides equal to two
sides, respectively, and have the angle(s) enclosed by the
equal straight-line equal, then they will also have the base
equal to the base, and the triangle will be equal to the tri-
angle, and the remaining angles subtended by the equal
sides will be equal to the corresponding remaining an-
gles. (Which is) the very thing it was required to show.

 The application of one figure to another should be counted as an additional postulate.

¥ Since Post. 1 implicitly assumes that the straight-line joining two given points is unique.
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Proposition 5

For isosceles triangles, the angles at the base are equal
to one another, and if the equal sides are produced then
the angles under the base will be equal to one another.

A

D E

Let ABC be an isosceles triangle having the side AB
equal to the side AC, and let the straight-lines BD and
CE have been produced in a straight-line with AB and
AC (respectively) [Post. 2]. I say that the angle ABC is
equal to ACB, and (angle) CBD to BCE.

For let the point F have been taken at random on BD,
and let AG have been cut off from the greater AE, equal
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to the lesser AF' [Prop. 1.3]. Also, let the straight-lines
FC and GB have been joined [Post. 1].

In fact, since AF is equal to AG, and AB to AC,
the two (straight-lines) F'A, AC are equal to the two
(straight-lines) GA, AB, respectively. They also encom-
pass a common angle, F'AG. Thus, the base F'C is equal
to the base G B, and the triangle AF'C will be equal to the
triangle AGB, and the remaining angles subtendend by
the equal sides will be equal to the corresponding remain-
ing angles [Prop. 1.4]. (Thatis) ACF to ABG, and AFC
to AGB. And since the whole of AF is equal to the whole
of AG, within which AB is equal to AC, the remainder
BF is thus equal to the remainder CG [C.N. 3]. But F'C
was also shown (to be) equal to GB. So the two (straight-
lines) BF, FC are equal to the two (straight-lines) CG,
GB, respectively, and the angle BFC (is) equal to the
angle CG B, and the base BC is common to them. Thus,
the triangle BF'C will be equal to the triangle CGB, and
the remaining angles subtended by the equal sides will be
equal to the corresponding remaining angles [Prop. 1.4].
Thus, FBC is equal to GCB, and BCF to CBG. There-
fore, since the whole angle A BG was shown (to be) equal
to the whole angle ACF, within which CBG is equal to
BCF, the remainder ABC' is thus equal to the remainder
ACB [C.N. 3]. And they are at the base of triangle ABC.
And FBC was also shown (to be) equal to GCB. And
they are under the base.

Thus, for isosceles triangles, the angles at the base are
equal to one another, and if the equal sides are produced
then the angles under the base will be equal to one an-
other. (Which is) the very thing it was required to show.

Proposition 6

If a triangle has two angles equal to one another then
the sides subtending the equal angles will also be equal
to one another.

A

B C
Let ABC be a triangle having the angle ABC equal
to the angle ACB. I say that side AB is also equal to side
AC.
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For if AB is unequal to AC then one of them is
greater. Let AB be greater. And let DB, equal to
the lesser AC, have been cut off from the greater AB
[Prop. 1.3]. And let DC have been joined [Post. 1].

Therefore, since DB is equal to AC, and BC (is) com-
mon, the two sides DB, BC are equal to the two sides
AC, CB, respectively, and the angle DBC is equal to the
angle ACB. Thus, the base DC' is equal to the base AB,
and the triangle DBC will be equal to the triangle ACB
[Prop. 1.4], the lesser to the greater. The very notion (is)
absurd [C.N. 5]. Thus, AB is not unequal to AC. Thus,
(it is) equal.f

Thus, if a triangle has two angles equal to one another
then the sides subtending the equal angles will also be
equal to one another. (Which is) the very thing it was
required to show.

t Here, use is made of the previously unmentioned common notion that if two quantities are not unequal then they must be equal. Later on, use

is made of the closely related common notion that if two quantities are not greater than or less than one another, respectively, then they must be

equal to one another.
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Proposition 7

On the same straight-line, two other straight-lines
equal, respectively, to two (given) straight-lines (which
meet) cannot be constructed (meeting) at a different
point on the same side (of the straight-line), but having
the same ends as the given straight-lines.

C
D

A B

For, if possible, let the two straight-lines AC, CB,
equal to two other straight-lines AD, DB, respectively,
have been constructed on the same straight-line AB,
meeting at different points, C' and D, on the same side
(of AB), and having the same ends (on AB). So CA is
equal to DA, having the same end A as it, and CB is
equal to DB, having the same end B as it. And let CD
have been joined [Post. 1].

Therefore, since AC' is equal to AD, the angle ACD
is also equal to angle ADC [Prop. 1.5]. Thus, ADC (is)
greater than DCB [C.N. 5]. Thus, C' DB is much greater
than DCB [C.N. 5]. Again, since C'B is equal to DB, the
angle C'DB is also equal to angle DCB [Prop. 1.5]. But
it was shown that the former (angle) is also much greater
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(than the latter). The very thing is impossible.

Thus, on the same straight-line, two other straight-
lines equal, respectively, to two (given) straight-lines
(which meet) cannot be constructed (meeting) at a dif-
ferent point on the same side (of the straight-line), but
having the same ends as the given straight-lines. (Which
is) the very thing it was required to show.

Proposition 8

If two triangles have two sides equal to two sides, re-
spectively, and also have the base equal to the base, then
they will also have equal the angles encompassed by the
equal straight-lines.

A D G

B E

Let ABC and DEF be two triangles having the two
sides AB and AC equal to the two sides DE and DF,
respectively. (That is) AB to DE, and AC to DF. Let
them also have the base BC equal to the base E'F. I say
that the angle BAC is also equal to the angle EDF.

For if triangle ABC is applied to triangle DEF, the
point B being placed on point F, and the straight-line
BC on EF, then point C will also coincide with F', on
account of BC' being equal to EF. So (because of) BC
coinciding with EF’, (the sides) BA and C A will also co-
incide with ED and DF (respectively). For if base BC
coincides with base E'F, but the sides AB and AC do not
coincide with ED and DF (respectively), but miss like
EG and GF (in the above figure), then we will have con-
structed upon the same straight-line, two other straight-
lines equal, respectively, to two (given) straight-lines,
and (meeting) at a different point on the same side (of
the straight-line), but having the same ends. But (such
straight-lines) cannot be constructed [Prop. 1.7]. Thus,
the base BC being applied to the base E'F, the sides BA
and AC cannot not coincide with ED and DF' (respec-
tively). Thus, they will coincide. So the angle BAC will
also coincide with angle EDF, and will be equal to it
[C.N. 4].

Thus, if two triangles have two sides equal to two
side, respectively, and have the base equal to the base,

14
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then they will also have equal the angles encompassed
by the equal straight-lines. (Which is) the very thing it
was required to show.

Proposition 9

To cut a given rectilinear angle in half.

A

F
B C

Let BAC be the given rectilinear angle. So it is re-
quired to cut it in half.

Let the point D have been taken at random on AB,
and let AF, equal to AD, have been cut off from AC
[Prop. 1.3], and let DE have been joined. And let the
equilateral triangle DEF have been constructed upon
DE [Prop. 1.1], and let AF' have been joined. I say that
the angle BAC has been cut in half by the straight-line
AF.

For since AD is equal to AE, and AF is common,
the two (straight-lines) DA, AF are equal to the two
(straight-lines) F A, AF, respectively. And the base DF
is equal to the base EF. Thus, angle DAF is equal to
angle EAF [Prop. 1.8].

Thus, the given rectilinear angle BAC has been cut in
half by the straight-line AF. (Which is) the very thing it
was required to do.

Proposition 10

To cut a given finite straight-line in half.

Let AB be the given finite straight-line. So it is re-
quired to cut the finite straight-line AB in half.

Let the equilateral triangle ABC have been con-
structed upon (AB) [Prop. 1.1], and let the angle ACB
have been cut in half by the straight-line C' D [Prop. 1.9].
I say that the straight-line AB has been cut in half at
point D.

For since AC is equal to CB, and C'D (is) common,
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the two (straight-lines) AC, CD are equal to the two
(straight-lines) BC, CD, respectively. And the angle
ACD is equal to the angle BC'D. Thus, the base AD
is equal to the base BD [Prop. 1.4].

C

A D B

Thus, the given finite straight-line AB has been cut
in half at (point) D. (Which is) the very thing it was
required to do.

Proposition 11

To draw a straight-line at right-angles to a given
straight-line from a given point on it.

F

A B

D C E

Let AB be the given straight-line, and C the given
point on it. So it is required to draw a straight-line from
the point C at right-angles to the straight-line AB.

Let the point D be have been taken at random on AC,
and let CFE be made equal to CD [Prop. 1.3], and let the
equilateral triangle FFDFE have been constructed on DFE
[Prop. 1.1], and let F'C have been joined. I say that the
straight-line F'C' has been drawn at right-angles to the
given straight-line AB from the given point C on it.

For since DC is equal to CE, and C'F is common,
the two (straight-lines) DC, CF are equal to the two
(straight-lines), EC, C'F, respectively. And the base DF
is equal to the base F'E. Thus, the angle DCF is equal
to the angle FCF [Prop. 1.8], and they are adjacent.
But when a straight-line stood on a(nother) straight-line
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makes the adjacent angles equal to one another, each of
the equal angles is a right-angle [Def. 1.10]. Thus, each
of the (angles) DCF and FCE is a right-angle.

Thus, the straight-line C'F' has been drawn at right-
angles to the given straight-line AB from the given point
C on it. (Which is) the very thing it was required to do.

Proposition 12

To draw a straight-line perpendicular to a given infi-
nite straight-line from a given point which is not on it.

F

A B

G~_ H _“E
D

Let AB be the given infinite straight-line and C' the
given point, which is not on (AB). So it is required to
draw a straight-line perpendicular to the given infinite
straight-line AB from the given point C, which is not on
(AB).

For let point D have been taken at random on the
other side (to C) of the straight-line AB, and let the
circle EFG have been drawn with center C' and radius
CD [Post. 3], and let the straight-line EG have been cut
in half at (point) H [Prop. 1.10], and let the straight-
lines CG, CH, and C'E have been joined. I say that the
(straight-line) C'H has been drawn perpendicular to the
given infinite straight-line AB from the given point C,
which is not on (AB).

For since GH is equal to HE, and HC (is) common,
the two (straight-lines) GH, HC are equal to the two
(straight-lines) EH, HC, respectively, and the base CG
is equal to the base CE. Thus, the angle CHG is equal
to the angle FHC [Prop. 1.8], and they are adjacent.
But when a straight-line stood on a(nother) straight-line
makes the adjacent angles equal to one another, each of
the equal angles is a right-angle, and the former straight-
line is called a perpendicular to that upon which it stands
[Def. 1.10].

Thus, the (straight-line) C'H has been drawn perpen-
dicular to the given infinite straight-line AB from the

17
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given point C, which is not on (AB). (Which is) the very
thing it was required to do.

Proposition 13

If a straight-line stood on a(nother) straight-line
makes angles, it will certainly either make two right-
angles, or (angles whose sum is) equal to two right-
angles.

E A

D B C

For let some straight-line AB stood on the straight-
line CD make the angles CBA and ABD. 1 say that
the angles CBA and ABD are certainly either two right-
angles, or (have a sum) equal to two right-angles.

In fact, if CBA is equal to ABD then they are two
right-angles [Def. 1.10]. But, if not, let BE have been
drawn from the point B at right-angles to [the straight-
line] CD [Prop. 1.11]. Thus, CBE and EBD are two
right-angles. And since CBF is equal to the two (an-
gles) CBA and ABE, let EBD have been added to both.
Thus, the (sum of the angles) CBE and EBD is equal to
the (sum of the) three (angles) CBA, ABF, and EBD
[C.N. 2]. Again, since DBA is equal to the two (an-
gles) DBE and EBA, let ABC have been added to both.
Thus, the (sum of the angles) DBA and ABC is equal to
the (sum of the) three (angles) DBE, EBA, and ABC
[C.N. 2]. But (the sum of) CBE and EBD was also
shown (to be) equal to the (sum of the) same three (an-
gles). And things equal to the same thing are also equal
to one another [C.N. 1]. Therefore, (the sum of) CBE
and EBD is also equal to (the sum of) DBA and ABC.
But, (the sum of) CBE and EBD is two right-angles.
Thus, (the sum of) ABD and ABC is also equal to two
right-angles.

Thus, if a straight-line stood on a(nother) straight-
line makes angles, it will certainly either make two right-
angles, or (angles whose sum is) equal to two right-
angles. (Which is) the very thing it was required to show.
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Proposition 14

If two straight-lines, not lying on the same side, make
adjacent angles (whose sum is) equal to two right-angles
with some straight-line, at a point on it, then the two
straight-lines will be straight-on (with respect) to one an-
other.

A E

C B D

For let two straight-lines BC and BD, not lying on the
same side, make adjacent angles ABC and ABD (whose
sum is) equal to two right-angles with some straight-line
AB, at the point B on it. I say that BD is straight-on with
respect to CB.

For if BD is not straight-on to BC then let BE be
straight-on to C'B.

Therefore, since the straight-line AB stands on the
straight-line CBE, the (sum of the) angles ABC and
ABE is thus equal to two right-angles [Prop. 1.13]. But
(the sum of) ABC and ABD is also equal to two right-
angles. Thus, (the sum of angles) CBA and ABF is equal
to (the sum of angles) CBA and ABD [C.N. 1]. Let (an-
gle) C BA have been subtracted from both. Thus, the re-
mainder ABF is equal to the remainder ABD [C.N. 3],
the lesser to the greater. The very thing is impossible.
Thus, BFE is not straight-on with respect to CB. Simi-
larly, we can show that neither (is) any other (straight-
line) than BD. Thus, CB is straight-on with respect to
BD.

Thus, if two straight-lines, not lying on the same side,
make adjacent angles (whose sum is) equal to two right-
angles with some straight-line, at a point on it, then the
two straight-lines will be straight-on (with respect) to
one another. (Which is) the very thing it was required
to show.

Proposition 15

If two straight-lines cut one another then they make
the vertically opposite angles equal to one another.
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(angle) DEB, and (angle) CEB to (angle) AED.
A

B
For since the straight-line AF stands on the straight-
line C'D, making the angles CEA and AED, the (sum
of the) angles CEA and AED is thus equal to two right-
angles [Prop. 1.13]. Again, since the straight-line DFE
stands on the straight-line AB, making the angles AED
and DEB, the (sum of the) angles AED and DEB is
thus equal to two right-angles [Prop. 1.13]. But (the sum
of) CEA and AED was also shown (to be) equal to two
right-angles. Thus, (the sum of) CEA and AED is equal
to (the sum of) AED and DEB [C.N. 1]. Let AED have
been subtracted from both. Thus, the remainder CE A is
equal to the remainder BED [C.N. 3]. Similarly, it can
be shown that CEB and DE A are also equal.
Thus, if two straight-lines cut one another then they
make the vertically opposite angles equal to one another.
(Which is) the very thing it was required to show.

Proposition 16

For any triangle, when one of the sides is produced,
the external angle is greater than each of the internal and
opposite angles.

Let ABC be a triangle, and let one of its sides BC'
have been produced to D. I say that the external angle
ACD is greater than each of the internal and opposite
angles, CBA and BAC.

Let the (straight-line) AC have been cut in half at
(point) E [Prop. 1.10]. And BFE being joined, let it have
been produced in a straight-line to (point) F.! And let
E'F be made equal to BE [Prop. 1.3], and let F'C have
been joined, and let AC have been drawn through to
(point) G.

Therefore, since AF is equal to EC, and BFE to EF,
the two (straight-lines) AE, EB are equal to the two
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Thus, BAF is equal to ECF. But ECD is greater than
ECF. Thus, ACD is greater than BAFE. Similarly, by
having cut BC in half, it can be shown (that) BCG—that
is to say, AC D—(is) also greater than ABC.
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B A B D
I C
H G
Iavtog dpo tpry®vou Wde TV TAELP®Y TEOCEX- Thus, for any triangle, when one of the sides is pro-
Bindeionc N €xtoc ywvia exatépac TV evtoc ol ane- duced, the external angle is greater than each of the in-
vovtiov yowey pelloy eotlv dnep €del deilou. ternal and opposite angles. (Which is) the very thing it

was required to show.

t The implicit assumption that the point F lies in the interior of the angle ABC should be counted as an additional postulate.

WL Proposition 17
TToavtog tprydvou ai dYo ywvia 8o dpddv Ehdooovéc For any triangle, (the sum of) two angles taken to-
glot Tévti] petahauBovépevol. gether in any (possible way) is less than two right-angles.
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For let BC have been produced to D.

And since the angle ACD is external to triangle ABC,
it is greater than the internal and opposite angle ABC
[Prop. 1.16]. Let AC'B have been added to both. Thus,
the (sum of the angles) ACD and ACB is greater than
the (sum of the angles) ABC and BC A. But, (the sum of)
ACD and ACB is equal to two right-angles [Prop. 1.13].
Thus, (the sum of) ABC and BC A is less than two right-
angles. Similarly, we can show that (the sum of) BAC
and ACB is also less than two right-angles, and further
(that the sum of) CAB and ABC (is less than two right-
angles).

Thus, for any triangle, (the sum of) two angles taken
together in any (possible way) is less than two right-
angles. (Which is) the very thing it was required to show.

Proposition 18

In any triangle, the greater side subtends the greater
angle.

A

B C

For let ABC be a triangle having side AC greater than
AB. 1say that angle ABC is also greater than BC A.

For since AC is greater than AB, let AD be made
equal to AB [Prop. 1.3], and let BD have been joined.

And since angle ADB is external to triangle BCD, it
is greater than the internal and opposite (angle) DC'B
[Prop. 1.16]. But ADB (is) equal to ABD, since side
AB is also equal to side AD [Prop. 1.5]. Thus, ABD is
also greater than AC'B. Thus, ABC is much greater than
ACB.

Thus, in any triangle, the greater side subtends the
greater angle. (Which is) the very thing it was required
to show.

Proposition 19

In any triangle, the greater angle is subtended by the
greater side.

Let ABC be a triangle having the angle ABC' greater
than BCA. I say that side AC is also greater than side
AB.
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For if not, AC is certainly either equal to, or less than,
AB. In fact, AC is not equal to AB. For then angle ABC
would also have been equal to ACB [Prop. 1.5]. But it
is not. Thus, AC is not equal to AB. Neither, indeed, is
AC less than AB. For then angle ABC would also have
been less than AC'B [Prop. 1.18]. But it is not. Thus, AC
is not less than AB. But it was shown that (AC) is not
equal (to AB) either. Thus, AC is greater than AB.

A

C
Thus, in any triangle, the greater angle is subtended
by the greater side. (Which is) the very thing it was re-
quired to show.

Proposition 20

In any triangle, (the sum of) two sides taken to-
gether in any (possible way) is greater than the remaining
(side).

D

For let ABC be a triangle. I say that in triangle ABC

Tolydvou ol dvo mhevpal tfic hownfic peillovéc eiot mévty (the sum of) two sides taken together in any (possible
petohopPavopevar, ol pwev BA, AT tfic BT, ai 8¢ AB, BI' way) is greater than the remaining (side). (So), (the sum
tfic AT', oi 8¢ BT, T'A tfic AB. of) BA and AC (is greater) than BC, (the sum of) AB

23
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and BC than AC, and (the sum of) BC and C'A than
AB.

For let BA have been drawn through to point D, and
let AD be made equal to CA [Prop. 1.3], and let DC
have been joined.

Therefore, since DA is equal to AC, the angle ADC
is also equal to AC'D [Prop. 1.5]. Thus, BCD is greater
than ADC. And since DCB is a triangle having the angle
BCD greater than BDC, and the greater angle subtends
the greater side [Prop. 1.19], DB is thus greater than
BC. But DA is equal to AC. Thus, (the sum of) BA and
AC is greater than BC. Similarly, we can show that (the
sum of) AB and BC is also greater than C'A, and (the
sum of) BC and C A than AB.

Thus, in any triangle, (the sum of) two sides taken to-
gether in any (possible way) is greater than the remaining
(side). (Which is) the very thing it was required to show.

Proposition 21

If two internal straight-lines are constructed on one
of the sides of a triangle, from its ends, the constructed
(straight-lines) will be less than the two remaining sides
of the triangle, but will encompass a greater angle.

A
E

B C

For let the two internal straight-lines BD and DC
have been constructed on one of the sides BC of the tri-
angle ABC, from its ends B and C (respectively). I say
that BD and DC are less than the (sum of the) two re-
maining sides of the triangle BA and AC, but encompass
an angle BDC greater than BAC.

For let BD have been drawn through to E. And since
in any triangle (the sum of any) two sides is greater than
the remaining (side) [Prop. 1.20], in triangle ABE the
(sum of the) two sides AB and AFE is thus greater than
BE. Let EC have been added to both. Thus, (the sum
of) BA and AC is greater than (the sum of) BE and EC.
Again, since in triangle CED the (sum of the) two sides
CFE and ED is greater than C'D, let DB have been added
to both. Thus, (the sum of) CFE and EB is greater than
(the sum of) CD and DB. But, (the sum of) BA and
AC was shown (to be) greater than (the sum of) BE and
EC. Thus, (the sum of) BA and AC is much greater than
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(the sum of) BD and DC.

Again, since in any triangle the external angle is
greater than the internal and opposite (angles) [Prop.
1.16], in triangle CDE the external angle BDC' is thus
greater than CED. Accordingly, for the same (reason),
the external angle CEB of the triangle ABFE is also
greater than BAC. But, BDC was shown (to be) greater
than CEB. Thus, BDC is much greater than BAC.

Thus, if two internal straight-lines are constructed on
one of the sides of a triangle, from its ends, the con-
structed (straight-lines) are less than the two remain-
ing sides of the triangle, but encompass a greater angle.
(Which is) the very thing it was required to show.

Proposition 22

To construct a triangle from three straight-lines which
are equal to three given [straight-lines]. It is necessary
for (the sum of) two (of the straight-lines) taken together
in any (possible way) to be greater than the remaining
(one), [on account of the (fact that) in any triangle (the
sum of) two sides taken together in any (possible way) is
greater than the remaining (one) [Prop. 1.20]].

A

B
C
K
D B G H E
L

Let A, B, and C be the three given straight-lines, of
which let (the sum of) two taken together in any (possible
way) be greater than the remaining (one). (Thus), (the
sum of) A and B (is greater) than C, (the sum of) A and
C than B, and also (the sum of) B and C than A. So
it is required to construct a triangle from (straight-lines)
equal to A, B, and C.

Let some straight-line DE be set out, terminated at D,
and infinite in the direction of . And let D F' made equal
to A, and F'G equal to B, and GH equal to C [Prop. 1.3].
And let the circle DK L have been drawn with center F’
and radius F'D. Again, let the circle KLH have been
drawn with center G and radius GH. And let KF and
KG have been joined. I say that the triangle K F'G has
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been constructed from three straight-lines equal to A, B,
and C.

For since point F' is the center of the circle DK L, FFD
is equal to F'K. But, F'D is equal to A. Thus, K F is also
equal to A. Again, since point G is the center of the circle
LKH,GH is equal to GK. But, GH is equal to C. Thus,
KG is also equal to C. And F'G is also equal to B. Thus,
the three straight-lines K'F', FG, and GK are equal to A,
B, and C (respectively).

Thus, the triangle K F'G has been constructed from
the three straight-lines KF, FG, and GK, which are
equal to the three given straight-lines A, B, and C (re-
spectively). (Which is) the very thing it was required to
do.

Proposition 23

To construct a rectilinear angle equal to a given recti-
linear angle at a (given) point on a given straight-line.

D

A G B

Let AB be the given straight-line, A the (given) point
on it, and DCF the given rectilinear angle. So it is re-
quired to construct a rectilinear angle equal to the given
rectilinear angle DCFE at the (given) point A on the given
straight-line AB.

Let the points D and E have been taken at random
on each of the (straight-lines) C'D and C'E (respectively),
and let DE have been joined. And let the triangle AFG
have been constructed from three straight-lines which are
equal to CD, DE, and CFE, such that CD is equal to AF,
CFE to AG, and further DFE to F'G [Prop. 1.22].

Therefore, since the two (straight-lines) DC, CE are
equal to the two (straight-lines) F'A, AG, respectively,
and the base DFE is equal to the base F'G, the angle DCFE
is thus equal to the angle F'AG [Prop. 1.8].

Thus, the rectilinear angle FAG, equal to the given
rectilinear angle DCE, has been constructed at the
(given) point A on the given straight-line AB. (Which
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is) the very thing it was required to do.

Proposition 24

If two triangles have two sides equal to two sides, re-
spectively, but (one) has the angle encompassed by the
equal straight-lines greater than the (corresponding) an-
gle (in the other), then (the former triangle) will also
have a base greater than the base (of the latter).

A D

C ¢ F

Let ABC and DEF be two triangles having the two
sides AB and AC equal to the two sides DE and DF,
respectively. (That is), AB (equal) to DFE, and AC to
DF'. Let them also have the angle at A greater than the
angle at D. I say that the base BC is also greater than
the base EF'.

For since angle BAC is greater than angle EDF,
let (angle) EDG, equal to angle BAC, have been
constructed at the point D on the straight-line DFE
[Prop. 1.23]. And let DG be made equal to either of
AC or DF [Prop. 1.3], and let EG and F'G have been
joined.

Therefore, since AB is equal to DE and AC to DG,
the two (straight-lines) BA, AC are equal to the two
(straight-lines) ED, DG, respectively. Also the angle
BAC is equal to the angle EDG. Thus, the base BC
is equal to the base EG [Prop. 1.4]. Again, since DF
is equal to DG, angle DGF is also equal to angle DFG
[Prop. 1.5]. Thus, DFG (is) greater than EGF. Thus,
EFG is much greater than FGF. And since triangle
EFG has angle EFG greater than EGF, and the greater
angle is subtended by the greater side [Prop. 1.19], side
EG (is) thus also greater than FF. But EG (is) equal to
BC. Thus, BC (is) also greater than E'F.

Thus, if two triangles have two sides equal to two
sides, respectively, but (one) has the angle encompassed
by the equal straight-lines greater than the (correspond-
ing) angle (in the other), then (the former triangle) will
also have a base greater than the base (of the latter).
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(Which is) the very thing it was required to show.

Proposition 25

If two triangles have two sides equal to two sides,
respectively, but (one) has a base greater than the base
(of the other), then (the former triangle) will also have
the angle encompassed by the equal straight-lines greater
than the (corresponding) angle (in the latter).

A

E F

Let ABC and DEF be two triangles having the two
sides AB and AC equal to the two sides DE and DF,
respectively (That is), AB (equal) to DE, and AC to DF.
And let the base BC' be greater than the base EF. I say
that angle BAC is also greater than EDF.

For if not, (BAC) is certainly either equal to, or less
than, (EDF). In fact, BAC is not equal to EDF. For
then the base BC would also have been equal to the base
EF [Prop. 1.4]. But it is not. Thus, angle BAC is not
equal to EDF. Neither, indeed, is BAC' less than EDF.
For then the base BC would also have been less than the
base EF [Prop. 1.24]. But it is not. Thus, angle BAC is
not less than FDF. But it was shown that (BAC is) not
equal (to EDF) either. Thus, BAC is greater than EDF'.

Thus, if two triangles have two sides equal to two
sides, respectively, but (one) has a base greater than the
base (of the other), then (the former triangle) will also
have the angle encompassed by the equal straight-lines
greater than the (corresponding) angle (in the latter).
(Which is) the very thing it was required to show.

Proposition 26

If two triangles have two angles equal to two angles,
respectively, and one side equal to one side—in fact, ei-
ther that by the equal angles, or that subtending one of
the equal angles—then (the triangles) will also have the
remaining sides equal to the [corresponding] remaining
sides, and the remaining angle (equal) to the remaining
angle.
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Let ABC and DEF be two triangles having the two
angles ABC and BCA equal to the two (angles) DEF
and EF D, respectively. (That is) ABC (equal) to DEF,
and BCA to EFD. And let them also have one side equal
to one side. First of all, the (side) by the equal angles.
(That is) BC (equal) to EFF'. I say that they will have
the remaining sides equal to the corresponding remain-
ing sides. (That is) AB (equal) to DE, and AC to DF.
And (they will have) the remaining angle (equal) to the
remaining angle. (That is) BAC (equal) to EDF.

D
A
G

E F

B T

For if AB is unequal to DFE then one of them is
greater. Let AB be greater, and let BG be made equal
to DE [Prop. 1.3], and let GC have been joined.

Therefore, since BG is equal to DFE, and BC to EF,
the two (straight-lines) GB, BC' are equal to the two
(straight-lines) DFE, EF, respectively. And angle GBC' is
equal to angle DEF'. Thus, the base GC is equal to the
base DF, and triangle GBC' is equal to triangle DEF,
and the remaining angles subtended by the equal sides
will be equal to the (corresponding) remaining angles
[Prop. 1.4]. Thus, GCB (is equal) to DF'E. But, DFE
was assumed (to be) equal to BCA. Thus, BCG is also
equal to BCA, the lesser to the greater. The very thing
(is) impossible. Thus, AB is not unequal to DE. Thus,
(it is) equal. And BC is also equal to EF. So the two
(straight-lines) AB, BC' are equal to the two (straight-
lines) DE, EF, respectively. And angle ABC is equal to
angle DEF'. Thus, the base AC is equal to the base DF,
and the remaining angle BAC is equal to the remaining
angle EDF [Prop. 1.4].

But, again, let the sides subtending the equal angles
be equal: for instance, (let) AB (be equal) to DE. Again,
I say that the remaining sides will be equal to the remain-
ing sides. (That is) AC (equal) to DF, and BC to EF.
Furthermore, the remaining angle BAC is equal to the
remaining angle EDF'.

For if BC is unequal to EFF then one of them is
greater. If possible, let BC be greater. And let BH be
made equal to EF [Prop. 1.3], and let AH have been
joined. And since BH is equal to EF, and AB to DE,
the two (straight-lines) AB, BH are equal to the two
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(straight-lines) DFE, EF, respectively. And the angles
they encompass (are also equal). Thus, the base AH is
equal to the base DF, and the triangle ABH is equal to
the triangle DEF, and the remaining angles subtended
by the equal sides will be equal to the (corresponding)
remaining angles [Prop. 1.4]. Thus, angle BH A is equal
to EFD. But, EFD is equal to BCA. So, in triangle
AHC, the external angle BH A is equal to the internal
and opposite angle BC'A. The very thing (is) impossi-
ble [Prop. 1.16]. Thus, BC' is not unequal to EF. Thus,
(it is) equal. And AB is also equal to DE. So the two
(straight-lines) AB, BC' are equal to the two (straight-
lines) DE, EF, respectively. And they encompass equal
angles. Thus, the base AC is equal to the base DF, and
triangle ABC' (is) equal to triangle DEF, and the re-
maining angle BAC (is) equal to the remaining angle
EDF [Prop. 1.4].

Thus, if two triangles have two angles equal to two
angles, respectively, and one side equal to one side—in
fact, either that by the equal angles, or that subtending
one of the equal angles—then (the triangles) will also
have the remaining sides equal to the (corresponding) re-
maining sides, and the remaining angle (equal) to the re-
maining angle. (Which is) the very thing it was required
to show.

Proposition 27

If a straight-line falling across two straight-lines
makes the alternate angles equal to one another then
the (two) straight-lines will be parallel to one another.

C D

For let the straight-line EF, falling across the two
straight-lines AB and C'D, make the alternate angles
AEF and EFD equal to one another. I say that AB and
CD are parallel.

For if not, being produced, AB and C'D will certainly
meet together: either in the direction of B and D, or (in
the direction) of A and C [Def. 1.23]. Let them have
been produced, and let them meet together in the di-
rection of B and D at (point) G. So, for the triangle
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GEF, the external angle AEF is equal to the interior
and opposite (angle) EFG. The very thing is impossible
[Prop. 1.16]. Thus, being produced, AB and C'D will not
meet together in the direction of B and D. Similarly, it
can be shown that neither (will they meet together) in
(the direction of) A and C'. But (straight-lines) meeting
in neither direction are parallel [Def. 1.23]. Thus, AB
and CD are parallel.

Thus, if a straight-line falling across two straight-lines
makes the alternate angles equal to one another then
the (two) straight-lines will be parallel (to one another).
(Which is) the very thing it was required to show.

Proposition 28

If a straight-line falling across two straight-lines
makes the external angle equal to the internal and oppo-
site angle on the same side, or (makes) the (sum of the)
internal (angles) on the same side equal to two right-
angles, then the (two) straight-lines will be parallel to
one another.

E

F

For let E'F, falling across the two straight-lines AB
and C'D, make the external angle FGB equal to the in-
ternal and opposite angle GH D, or the (sum of the) in-
ternal (angles) on the same side, BGH and GH D, equal
to two right-angles. I say that AB is parallel to C'D.

For since (in the first case) EGB is equal to GH D, but
EGB is equal to AGH [Prop. 1.15], AGH is thus also
equal to GHD. And they are alternate (angles). Thus,
AB is parallel to CD [Prop. 1.27].

Again, since (in the second case, the sum of) BGH
and GHD is equal to two right-angles, and (the sum
of) AGH and BGH is also equal to two right-angles
[Prop. 1.13], (the sum of) AGH and BGH is thus equal
to (the sum of) BGH and GHD. Let BGH have been
subtracted from both. Thus, the remainder AGH is equal
to the remainder GH D. And they are alternate (angles).
Thus, AB is parallel to C'D [Prop. 1.27].
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Thus, if a straight-line falling across two straight-lines
makes the external angle equal to the internal and oppo-
site angle on the same side, or (makes) the (sum of the)
internal (angles) on the same side equal to two right-
angles, then the (two) straight-lines will be parallel (to
one another). (Which is) the very thing it was required
to show.

Proposition 29

A straight-line falling across parallel straight-lines
makes the alternate angles equal to one another, the ex-
ternal (angle) equal to the internal and opposite (angle),
and the (sum of the) internal (angles) on the same side
equal to two right-angles.

E

F

For let the straight-line E'F fall across the parallel
straight-lines AB and CD. I say that it makes the alter-
nate angles, AGH and GH D, equal, the external angle
EGB equal to the internal and opposite (angle) GHD,
and the (sum of the) internal (angles) on the same side,
BGH and GHD, equal to two right-angles.

For if AGH is unequal to GHD then one of them is
greater. Let AGH be greater. Let BGH have been added
to both. Thus, (the sum of) AGH and BGH is greater
than (the sum of) BGH and GHD. But, (the sum of)
AGH and BGH is equal to two right-angles [Prop 1.13].
Thus, (the sum of) BGH and GHD is [also] less than
two right-angles. But (straight-lines) being produced to
infinity from (internal angles whose sum is) less than two
right-angles meet together [Post. 5]. Thus, AB and CD,
being produced to infinity, will meet together. But they do
not meet, on account of them (initially) being assumed
parallel (to one another) [Def. 1.23]. Thus, AGH is not
unequal to GH D. Thus, (it is) equal. But, AGH is equal
to EGB [Prop. 1.15]. And EGB is thus also equal to
GHD. Let BGH be added to both. Thus, (the sum of)
EGB and BGH is equal to (the sum of) BGH and GHD.
But, (the sum of) EGB and BGH is equal to two right-
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angles [Prop. 1.13]. Thus, (the sum of) BGH and GHD
is also equal to two right-angles.

Thus, a straight-line falling across parallel straight-
lines makes the alternate angles equal to one another, the
external (angle) equal to the internal and opposite (an-
gle), and the (sum of the) internal (angles) on the same
side equal to two right-angles. (Which is) the very thing
it was required to show.

Proposition 30

(Straight-lines) parallel to the same straight-line are
also parallel to one another.
G/

A B
E H F
C K D

/

Let each of the (straight-lines) AB and C'D be parallel
to E'F. I say that AB is also parallel to C'D.

For let the straight-line GK fall across (AB, CD, and
EF).

And since the straight-line GK has fallen across the
parallel straight-lines AB and E'F, (angle) AGK (is) thus
equal to GH F [Prop. 1.29]. Again, since the straight-line
GK has fallen across the parallel straight-lines FF and
CD, (angle) GHF is equal to GKD [Prop. 1.29]. But
AGK was also shown (to be) equal to GHF'. Thus, AGK
is also equal to GK D. And they are alternate (angles).
Thus, AB is parallel to C'D [Prop. 1.27].

[Thus, (straight-lines) parallel to the same straight-
line are also parallel to one another.] (Which is) the very
thing it was required to show.

Proposition 31

To draw a straight-line parallel to a given straight-line,
through a given point.

Let A be the given point, and BC the given straight-
line. So it is required to draw a straight-line parallel to
the straight-line BC, through the point A.

Let the point D have been taken a random on BC, and
let AD have been joined. And let (angle) DAF, equal to
angle ADC, have been constructed on the straight-line
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DA at the point A on it [Prop. 1.23]. And let the straight-
line AF have been produced in a straight-line with F'A.

E A F

B C
D

And since the straight-line AD, (in) falling across the
two straight-lines BC' and E'F, has made the alternate
angles FAD and ADC equal to one another, EAF is thus
parallel to BC [Prop. 1.27].

Thus, the straight-line FAF has been drawn parallel
to the given straight-line BC, through the given point A.
(Which is) the very thing it was required to do.

Proposition 32

In any triangle, (if) one of the sides (is) produced
(then) the external angle is equal to the (sum of the) two
internal and opposite (angles), and the (sum of the) three
internal angles of the triangle is equal to two right-angles.

A E

B C D

Let ABC be a triangle, and let one of its sides BC
have been produced to D. I say that the external angle
ACD is equal to the (sum of the) two internal and oppo-
site angles CAB and ABC, and the (sum of the) three
internal angles of the triangle—ABC, BC' A, and CAB—
is equal to two right-angles.

For let C'E have been drawn through point C parallel
to the straight-line AB [Prop. 1.31].

And since AB is parallel to CE, and AC has fallen
across them, the alternate angles BAC and ACE are
equal to one another [Prop. 1.29]. Again, since AB is
parallel to CFE, and the straight-line BD has fallen across
them, the external angle ECD is equal to the internal
and opposite (angle) ABC [Prop. 1.29]. But ACFE was
also shown (to be) equal to BAC. Thus, the whole an-

34
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gle ACD is equal to the (sum of the) two internal and
opposite (angles) BAC and ABC.

Let ACB have been added to both. Thus, (the sum
of) ACD and ACB is equal to the (sum of the) three
(angles) ABC, BCA, and C AB. But, (the sum of) ACD
and ACB is equal to two right-angles [Prop. 1.13]. Thus,
(the sum of) ACB, CBA, and CAB is also equal to two
right-angles.

Thus, in any triangle, (if) one of the sides (is) pro-
duced (then) the external angle is equal to the (sum of
the) two internal and opposite (angles), and the (sum of
the) three internal angles of the triangle is equal to two
right-angles. (Which is) the very thing it was required to
show.

Proposition 33

Straight-lines joining equal and parallel (straight-
lines) on the same sides are themselves also equal and

parallel.
B A

D C

Let AB and CD be equal and parallel (straight-lines),
and let the straight-lines AC and BD join them on the
same sides. I say that AC and BD are also equal and
parallel.

Let BC have been joined. And since AB is paral-
lel to CD, and BC has fallen across them, the alter-
nate angles ABC and BCD are equal to one another
[Prop. 1.29]. And since AB is equal to CD, and BC
is common, the two (straight-lines) AB, BC are equal
to the two (straight-lines) DC, C B.'And the angle ABC
is equal to the angle BC'D. Thus, the base AC is equal
to the base BD, and triangle ABC' is equal to triangle
DCB?, and the remaining angles will be equal to the
corresponding remaining angles subtended by the equal
sides [Prop. 1.4]. Thus, angle ACB is equal to CBD.
Also, since the straight-line BC, (in) falling across the
two straight-lines AC' and BD, has made the alternate
angles (AC B and C'BD) equal to one another, AC is thus
parallel to BD [Prop. 1.27]. And (AC) was also shown
(to be) equal to (BD).

Thus, straight-lines joining equal and parallel (straight-
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lines) on the same sides are themselves also equal and
parallel. (Which is) the very thing it was required to
show.

Proposition 34

In parallelogrammic figures the opposite sides and angles
are equal to one another, and a diagonal cuts them in half.

A B

C D

Let ACDB be a parallelogrammic figure, and BC' its
diagonal. I say that for parallelogram ACD B, the oppo-
site sides and angles are equal to one another, and the
diagonal BC cuts it in half.

For since AB is parallel to CD, and the straight-line
BC has fallen across them, the alternate angles ABC and
BCD are equal to one another [Prop. 1.29]. Again, since
AC is parallel to BD, and BC has fallen across them,
the alternate angles ACB and CBD are equal to one
another [Prop. 1.29]. So ABC and BCD are two tri-
angles having the two angles ABC and BCA equal to
the two (angles) BC'D and C'BD, respectively, and one
side equal to one side—the (one) by the equal angles and
common to them, (namely) BC. Thus, they will also
have the remaining sides equal to the corresponding re-
maining (sides), and the remaining angle (equal) to the
remaining angle [Prop. 1.26]. Thus, side AB is equal to
CD, and AC to BD. Furthermore, angle BAC is equal
to CDB. And since angle ABC is equal to BCD, and
CBD to ACB, the whole (angle) ABD is thus equal to
the whole (angle) ACD. And BAC was also shown (to
be) equal to CDB.

Thus, in parallelogrammic figures the opposite sides
and angles are equal to one another.

And, I also say that a diagonal cuts them in half. For
since AB is equal to CD, and BC (is) common, the two
(straight-lines) AB, BC' are equal to the two (straight-
lines) DC, CBY, respectively. And angle ABC is equal to
angle BCD. Thus, the base AC (is) also equal to DB,



YTOIXEIOQN o'

ELEMENTS BOOK 1

T The Greek text has “C'D, BC”, which is obviously a mistake.
t The Greek text has “ABC D”, which is obviously a mistake.

AE'.
Ta napadAnhoypoppa té €l Tiig adtiic fdoewe dvta xol

v Tolc avtole maparifhole loa dAARIoLG EoTiv.

A A E Z

B r

"Eotw nopolnidypoupo t& ABI'A, EBI'Z énl tfic
aOtfic Bdoewe tic BI' %ol év taic adtolc nopaAAnholc toic
AZ, BI'" Méyw, 6nioov éoti 1o ABI'A 16 EBI'Z nopaiin-
AOYPAUE.

"Enel ydp mopolhnhdypaupdv éott 1o ABIA, Ton éotiv
n AA tfj BI'. 8u& t& adta 6n xol  EZ tfj BI' éotwv lon
dote xol ) AA 1) EZ éotwv Ton xal xown /) AE- 8Ar dpa
N AE Ay tfj AZ éotw Ton. €oti 8¢ xad ) AB tfj AL Ton
d0o N ai EA, AB dVo twic ZA, AT foo ciolv éxatépa
exatépy xol ywvia ) Uno ZAT yovia tfj Ondo EAB ot
Ton A éxtog 1] €vioc Bdoic dpa ) EB Bdoel tf] ZI Ton éotiy,
xol T EAB tplywvov 16 AZL torydhve Toov €oton xowov
dgopnenodw 1o AHE: hownov dpa 1o ABHA tpoanéliov hoinds
6 EHI'Z tponelioy éotiv ioov: xowov mpooxeiotw 1o HBI
tplywvov: 6hov dpa 10 ABI'A nopodAnhéypopuov 6he @
EBI'Z maparAnhoyeduue loov éotiv.

Ta Spo topolknhdypoupo to énl thic adthic Bdocwe dvta
xall €v Tollg avTolc naparAnholc toa dhAAAowc Eotiv: dmep Edel
Oei€an.

and triangle ABC is equal to triangle BC'D [Prop. 1.4].
Thus, the diagonal BC cuts the parallelogram AC D B*
in half. (Which is) the very thing it was required to show.

Proposition 35

Parallelograms which are on the same base and be-
tween the same parallels are equal’ to one another.
A D E F

B C

Let ABCD and EBCF be parallelograms on the same
base BC, and between the same parallels AF' and BC. [
say that ABCD is equal to parallelogram EBCF.

For since ABCD is a parallelogram, AD is equal to
BC [Prop. 1.34]. So, for the same (reasons), EF is also
equal to BC. So AD is also equal to EF. And DE is
common. Thus, the whole (straight-line) AF is equal to
the whole (straight-line) DF. And AB is also equal to
DC. So the two (straight-lines) EA, AB are equal to
the two (straight-lines) F'D, DC, respectively. And angle
FDC is equal to angle FAB, the external to the inter-
nal [Prop. 1.29]. Thus, the base EB is equal to the base
FC, and triangle EAB will be equal to triangle DFC
[Prop. 1.4]. Let DGE have been taken away from both.
Thus, the remaining trapezium ABGD is equal to the re-
maining trapezium EGCF. Let triangle GBC have been
added to both. Thus, the whole parallelogram ABCD is
equal to the whole parallelogram EBCF'.

Thus, parallelograms which are on the same base and
between the same parallels are equal to one another.
(Which is) the very thing it was required to show.

 Here, for the first time, “equal” means “equal in area”, rather than “congruent”.

AF.

Ta mopoAAnhoypopua o €nl lowv Pdoewy Gvta xol €v
Tailc aTaic mopodiholg Too A holg Eativ.

"Eotw nopadnhéypopua ¢ ABTA, EZHO énl Towv
Bdoewv 6vta ey BI', ZH xol év tolig adtolc mapaAiiiols
twic AO, BH- Aéyw, &t foov éotl 10 ABI'A mopoh-

Proposition 36

Parallelograms which are on equal bases and between
the same parallels are equal to one another.

Let ABCD and EFGH be parallelograms which are
on the equal bases BC and F'G, and (are) between the
same parallels AH and BG. I say that the parallelogram

37
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Anhoypoapuoyv 16 EZHO.

ABCD isequal to EFGH.

e M
B T 7. H B  C F G

‘Eneletydwoav ydp oi BE, I'©. xal énel lon éotlv 7
BT <fj ZH, é\\& 7 ZH <jj E© &otw lon, xoi 1) BI' dpa T
EO éotw Ton. eiol 8¢ xal mopdhhniot. xol Emleuyviouoty
abtac al EB, OI' ai 8¢ td¢ loac e %ol mapariihoug éml
& Ot pépn émlevyviouoa oo Te %ol mopdAAnAol eiot
[xol o EB, OT dpo loon 1€ eiot xol mopdhhnhol]. mopoh-
Anhoypapuov dpa éotl T0 EBI'O. xaf éotwv Toov 16 ABI'A-
Béowy te yap adtEs v adTy Exer Y BI, xal €v Toic adtolg
napahAhoLe EoTiy adtd Tolc BTN, AG. Sla té& adtdl 87 ol o
EZHO 6 avtd 16 EBI'O ¢oty loov: dote xal 16 ABTA
napahAnAéypaupov 16 EZHO éoty Toov.

Ta Gpor mapahAnAoypaupa o el Towv Bdoswy Gvta xol
év Tolc avtdic mopaAAnholc Toa dhARAowc Eotlv: dmep Edel
OeiEan.

2.
Ta tplywva t& énl tfig adtfic Bdoewe dvta xal év Tolg
adtollg mapahhrolg Too dAARAoLE Eotiv.

E A A 7

B r

"Eotw tplywva t& ABI', ABI énl tfic adtfic fdoewc tfic
BI' xai év Tolc adtolc noporiiholg toic AA, BI™ AMéyw, &t
{oov éott 10 ABI tpiywvov 1@ ABL tpiydhve.

ExBepriodo | AA é@” éxdrepa ta puépn ént ta E, Z, xal
oo pev tod B tfj A napdiinhog fydw | BE, Slo 8¢ 1o I T
BA rmapdiinroc Aydw | I'Z. napadAnhéypoppov dpa Eotiv
exdrepov v EBI'A, ABI'Z: xol eiow loar &ni te ydp tiic
abTiic Bdoed elol tfic BI' %ol €v tollg adtollc mopaAAnholg
wilc BI', EZ- xai éon to¥ pev EBI'A nopahhnioypdypou
Auov to ABT tplywvov: 1 yap AB Siuduetpoc adtd diya
téuver 1ol 8¢ ABI'Z nopodinhoyeduuou fuou to ABI
Tplywvov: 7 yop AT diduetpoc adtd diya téuvel. [t& B¢
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Forlet BE and C'H have been joined. And since BC'is
equal to F'G, but F'G is equal to FH [Prop. 1.34], BC'is
thus equal to EH. And they are also parallel, and £ B and
HC join them. But (straight-lines) joining equal and par-
allel (straight-lines) on the same sides are (themselves)
equal and parallel [Prop. 1.33] [thus, EB and HC are
also equal and parallel]. Thus, EBCH is a parallelogram
[Prop. 1.34], and is equal to ABCD. For it has the same
base, BC, as (ABCD), and is between the same paral-
lels, BC and AH, as (ABCD) [Prop. 1.35]. So, for the
same (reasons), EFGH is also equal to the same (par-
allelogram) FBCH [Prop. 1.34]. So that the parallelo-
gram ABCD is also equal to EFGH.

Thus, parallelograms which are on equal bases and
between the same parallels are equal to one another.
(Which is) the very thing it was required to show.

Proposition 37

Triangles which are on the same base and between
the same parallels are equal to one another.
B A D

B C

Let ABC and D BC be triangles on the same base BC,
and between the same parallels AD and BC'. 1 say that
triangle ABC'is equal to triangle DBC.

Let AD have been produced in both directions to FE
and F, and let the (straight-line) BFE have been drawn
through B parallel to CA [Prop. 1.31], and let the
(straight-line) C'F' have been drawn through C parallel
to BD [Prop. 1.31]. Thus, EBCA and DBCF are both
parallelograms, and are equal. For they are on the same
base BC, and between the same parallels BC and EF
[Prop. 1.35]. And the triangle ABC is half of the paral-
lelogram EBCA. For the diagonal AB cuts the latter in
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@&V Towv fulon Toa AAAow Eotiv]. Toov pa éoti o ABT
telywvov 16 ABI' tpiydve.

T dipa tplywvo té énl tiic adtiic Bdoewe Gvta xal €v Tolg
adtollg mapahhirolc Too dAARAoL Eotiv: Omep EDel BeTEau.

T This is an additional common notion.

AN
Ta telywva td énl lowv Bdoewy dvta xal év Taic adTtolg
napoAhhols Too dAAholg Eotiv.

H A A C)

B I E Z

"Eotw tplywva t& ABIY, AEZ éni {owv Bdoewv tév B,
EZ xal &v toilg adtailc topodiholg toic BZ, AA- Aévyw, 6t
Toov éotl 10 ABI tplywvov 16 AEZ torydve.

‘ExBefAnodo yap | AA ¢ éxdtepa o péen énl ta H,
O, ol duo pev o0 B tfj TA mapdhinioc 9w | BH, dlo 8¢
toU Z tfj AE nopddinhoc fiydw N ZO. nopod A\nhoYpouuov
Gpa eotiv Exdrtepov v HBI'A, AEZO- xal {oov 1o HBT'A
w6 AEZO- énl te yap lowv Bdoedv elol v BI', EZ xal
v Tailc adtolc mapaAirolc tolc BZ, HO- xal éott 1ol pev
HBTA rapaiinioyedupou fiuou 1o ABL tplywvov. 7 yop
AB Sudpetpoc atto diyo téuver 1ol 8¢ AEZO mnapain-
hoypdupou fiuou 1o ZEA tplywvov: 1 ydp AZ Slopetpoc
a0TO diyor tépver [td 8¢ 1@V Towv Nuion Toa A AL oic Eotiv].
loov 8pa €0t T ABT tplywvov 16 AEZ tpiydve.

Ta Gpo tplywva td énl lowv Bdoewv dvta xol év Tolg
avtolic mapahhirols Too dAAAAoLG Eotiv: Omep Edel BETEau.

A

Ta oo tplywva ta énl tiic adtfic Bdoewe Gvta ol €ml
T 0T Yépm xol v Tollg adTollg mapahhAolg Eotiv.

"Eotw loa tplywva 1 ABI', ABI énl tijc adtiic Bdoewc
Ovta xol éml ta avTa péen thc BI Aéyw, 6TL xol év Tdic
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half [Prop. 1.34]. And the triangle DBC' (is) half of the
parallelogram DBCF'. For the diagonal DC cuts the lat-
ter in half [Prop. 1.34]. [And the halves of equal things
are equal to one another.]’ Thus, triangle ABC is equal
to triangle DBC.

Thus, triangles which are on the same base and
between the same parallels are equal to one another.
(Which is) the very thing it was required to show.

Proposition 38

Triangles which are on equal bases and between the
same parallels are equal to one another.

G A D H

B C E F

Let ABC and DEF be triangles on the equal bases
BC and EF, and between the same parallels BF' and
AD. I say that triangle ABC'is equal to triangle DEF".

For let AD have been produced in both directions
to G and H, and let the (straight-line) BG have been
drawn through B parallel to C'A [Prop. 1.31], and let the
(straight-line) F'H have been drawn through F parallel
to DE [Prop. 1.31]. Thus, GBCA and DEF H are each
parallelograms. And GBC A is equal to DEF H. For they
are on the equal bases BC' and EF, and between the
same parallels BF and GH [Prop. 1.36]. And triangle
ABC is half of the parallelogram GBC A. For the diago-
nal AB cuts the latter in half [Prop. 1.34]. And triangle
FED (is) half of parallelogram DEF H. For the diagonal
DF cuts the latter in half. [And the halves of equal things
are equal to one another.] Thus, triangle ABC is equal
to triangle DEF'.

Thus, triangles which are on equal bases and between
the same parallels are equal to one another. (Which is)
the very thing it was required to show.

Proposition 39

Equal triangles which are on the same base, and on
the same side, are also between the same parallels.

Let ABC and DBC be equal triangles which are on
the same base BC, and on the same side (of it). I say that
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adTollg mapahhhhols Eotiv.
m
B I

‘Eneletydw yap 1 AA Aéyw, 6Tl nopdAAnhoc oty 1
AA =jj BT

Ei yap un, fydo 6 w00 A onuelov tfj BI' edleia
napdhinioc | AE, xol énelevydw M EI'. Toov dpa éotl 0
ABT tplywvov 1@ EBI toiydve: énl te yap tiic adtiic
Baoene oty adte tic BI' %ol év toic adtolc mapahhirole.
e o ABT 16 ABI oty Toov xal to ABI dpa 165 EBI
{oov éotl 10 Yeilov 13 Ehdocovl émep EoTiv AB0VUTOV" 0UX
Gpo mapdhnioc eotv ) AE tfj BI'. ouolwe 87 delloyev,
6t 00d” AN Tc A Tiic AA- | AA dpa tff BI' ot
TapdAANAog.

Ta dpa Too tplywva t& énl tfic adtfic Bdocwe dvta ol

gml T oOTa Yép ol €v Tailc adTollg mapaAAhol Eotiv: Bmep
€deL deiou.

4
T oo tpiywva té el lowvy Bdoewy Gvto xol €t T adTd
uéen xal év Tailc avTaic napaAAniol Eotiv.

A

Z

B T E

"Eotw loa tplywva t& ABT, TAE éni lowv Bdoewv tév
BI', T'E xol énl t& a0t péen. Aéyw, 6Tt xol €V Tolg avTais
napoAAihoLg EGTiV.

‘Eneletydw yap 7 AA Aéyw, 6Tl nopdAAnhoc oty 1
AA +ij BE.

El yap uy, fiydw 6 1ol A tfj BE noapdhinioc 1) AZ,
xal eneledydw 7 ZE. loov dpo éoti 10 ABI' tplywvov
16 ZI'E toiydve enl te yop lowv Bdoedyv elol t@év Bl
I'E xol év taiic adtolc maporhirolc toic BE, AZ. d\k& to
ABT tplywvov loov éotl 16 ATE [tplywve]: xol to ATE
Gpa [tplywvov] Toov Eotl 1% ZTE tpiydve 10 peilov @
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they are also between the same parallels.
m
B C

For let AD have been joined. I say that AD and BC
are parallel.

For, if not, let AE have been drawn through point A
parallel to the straight-line BC' [Prop. 1.31], and let EC
have been joined. Thus, triangle ABC is equal to triangle
EBC. For it is on the same base as it, BC, and between
the same parallels [Prop. 1.37]. But ABC' is equal to
DBC. Thus, DBC is also equal to EBC, the greater to
the lesser. The very thing is impossible. Thus, AF is not
parallel to BC. Similarly, we can show that neither (is)
any other (straight-line) than AD. Thus, AD is parallel
to BC.

Thus, equal triangles which are on the same base, and

on the same side, are also between the same parallels.
(Which is) the very thing it was required to show.

Proposition 407

Equal triangles which are on equal bases, and on the
same side, are also between the same parallels.

A D

B C E

Let ABC and CDE be equal triangles on the equal
bases BC' and CE (respectively), and on the same side
(of BE). I say that they are also between the same par-
allels.

For let AD have been joined. I say that AD is parallel
to BE.

For if not, let AF have been drawn through A parallel
to BE [Prop. 1.31], and let FE have been joined. Thus,
triangle ABC' is equal to triangle FCE. For they are on
equal bases, BC' and CFE, and between the same paral-
lels, BE and AF [Prop. 1.38]. But, triangle ABC is equal




YTOIXEIOQN o' ELEMENTS BOOK 1

ghdocovt 6nep €Ty AdUvVaTov: 00X dpa mapdhinioc | AZ  to [triangle] DCE. Thus, [triangle] DCE is also equal to
] BE. opoiwe 87 Sei€opev, &t 008" dhhn ic mhny tfic AA-  triangle FCE, the greater to the lesser. The very thing is
N AA dpa tfi BE éot nopdhinloc. impossible. Thus, AF' is not parallel to BE. Similarly, we
T& dpo Too Tplywva & et Towy Bdoewy évta xol énl & can show that neither (is) any other (straight-line) than
a0Td épn xal v Tollc adtaic Topalllolc Eotiv Onep €det  AD. Thus, AD is parallel to BE.
detlou. Thus, equal triangles which are on equal bases, and
on the same side, are also between the same parallels.
(Which is) the very thing it was required to show.

T This whole proposition is regarded by Heiberg as a relatively early interpolation to the original text.

wot'. Proposition 41
‘Eav mopadnhéypoppov tolydvew Bdow te Exn Y If a parallelogram has the same base as a triangle, and
aOThY xol €v Tolc adtaic mapahhAhoic 1, dimAdoiév Eoti  is between the same parallels, then the parallelogram is
T TapAAANAGYPaUOY TOT TELYVOU. double (the area) of the triangle.
A A E A D E
B r B C

Iapahhniéypoppov yae t© ABIA tpiydve ¢ EBI For let parallelogram ABCD have the same base BC
Bdow te Exétw v avthy v BT xol év toic avtoic no- astriangle EBC, and let it be between the same parallels,
padAAhowc Eotw Tolc BT, AE: Aéyw, éu dinhdowdy éott 10 BC and AE. I say that parallelogram ABCD is double
ABTA napadnhéypappov 100 BET tpiydivou. (the area) of triangle BEC.

‘Eneletydw yop | AL Toov 8% ot 16 ABT tpiywvoyv For let AC have been joined. So triangle ABC' is equal
6 EBT tpiydveys énl te yop tiic adtiic Bdoeme éotv  to triangle FBC. For it is on the same base, BC, as
a0td tiic BT xol év tolic adtaic napalhihow toiic BI', AE. (EBC), and between the same parallels, BC' and AE
A& 0 ABTA mopodAnhéypopoy dinhdotdy ot 1ol ABI'  [Prop. 1.37]. But, parallelogram ABCD is double (the
Torydvour 1 yap A Sudpetpoc adtd diya téuver dote area) of triangle ABC. For the diagonal AC cuts the for-
10 ABT'A naparhnhéypoppov xai 100 EBI' tpiydvou €oti  mer in half [Prop. 1.34]. So parallelogram ABCD is also

dimhdiolov. double (the area) of triangle EBC.

"Eav dpa mopadAinAdypoppoy telydve Bdoty te Exn thy Thus, if a parallelogram has the same base as a trian-
0TV xal év Tolc aTols mapakhihols 1, dithdoléy éoti o gle, and is between the same parallels, then the parallel-
TopOAANAG YooY ToD Ty dvou: Gnep Edet Seiou. ogram is double (the area) of the triangle. (Which is) the

very thing it was required to show.

up’. Proposition 42
T& 80dévtl Tpry®dve 0oV TopoAANAGYPUUOY CUOTH- To construct a parallelogram equal to a given triangle
cacYou €v tfj dodelon ywvia edduypduuw. in a given rectilinear angle.
"Ecte 10 pév dodev tplywvov to ABI, 1 8¢ Sodcioa Let ABC be the given triangle, and D the given recti-

yevio e0¥0ypoupoc N A+ 8et 81 1@ ABI toiydhve Toov mo-  linear angle. So it is required to construct a parallelogram
pahAnh6ypappov cuothoacdou ev T A ywvia edduypduuew. equal to triangle ABC in the rectilinear angle D.

41



YTOIXEIOQN o'

ELEMENTS BOOK 1

B E 1N

Tetunodw N BT diya xata 10 E, xal éneledydw | AE,
%ol oLUVESTATK PO Tf) EI' ebdelq xal 16 npog adtH onpelew
6 E tf] A yovia lon 7y Ono T'EZ, xol 8w yev 1ot A tfj EI
napdhiniog Yydw | AH, Swa 8¢ tob I' tfj EZ nopdiinioc
Ax Ve H I'H: nopolnAdypoppov dpa éott 16 ZEIH. xal enel
{on ¢otiv | BE tfj EI, Toov éotl xai 10 ABE tplywvov w6
AET tpiydove- ént te yap lowv Bdoedy elol tév BE, EI' xal
&v Tailc aTailc mapahhirolc taic BI', AH- Sinhdotov dpa éotl
70 ABI tplywvov 10U AEL tpuyddvou. ot de xal to ZET'H
napahAnAGypaupov dinhdotov tol AEL tpuyddvou- Bdowv te
yap aOTE TV avThV €xel xol €v Tolc adTolc EoTv avTE
napoAhiholc” Toov dpa €otl 10 ZETH mapodhnidypopuov
w6 ABT torydve. xol Exet v Ono I'EZ ywviay Tony T
dovelon tfj A.

Té Gpa SodévTt Tprydve 16 ABI loov mapalhnidypay-
pov cuvéotaton 0 ZEI'H év yovia tfj Und I'EZ, ¥tic éotly
Ton tf] A- énep €del motfjoou.

wy

IMovtog nopoAknhoyeduyou @y tepl TV SLEUETEOV Tta-
poAANhOY YWY T& TopamAneduata (oo dAARAoLE EoTiv.

"Eotw nopodAnhoypopuov 1o ABTA, Sidpetpoc de
avtol N AL, mepl 8¢ thv AI' napahAnAoypaupa uev €0tw
w0 EO©, ZH, t& 8¢ Aeyoueva nopamineopata to BK, KA-
Myw, 6t Toov éotl 10 BK nopanifpwpa 16 KA nogo-
TANPOUATL.

"Enel yop nopodAnhoypopudy éot 1o ABI'A, didpetpoc
8¢ adtob 7 AT, loov éoti 10 ABI tpiywvov 1@ ATA
TELYOVR.  TEAY, €nel mopolhnAdypauudy ot 10 EO,
dudpetpog de avtob oty 1) AK, Toov éotl 10 AEK tplywvov
6 AOK tpiydve. S ta adtd o %ol 1o KZIN tplywvov
w6 KHI' éotwv loov. émel oliv 10 pev AEK tplywvov @
AOK torydve oty Toov, to 8¢ KZI' w6 KHI', 16 AEK
tplywvov petd tob KHI Toov éotl 16 AOK tprydhve petd
100 KZI'" ot 8¢ xal 6hov 10 ABI tplywvov 6Ae 16 AAT
loov- hownov dpa 10 BK nopaniipwpa hownd 16 KA nogo-
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B E C

Let BC have been cut in half at £ [Prop. 1.10], and
let AE have been joined. And let (angle) CEF, equal to
angle D, have been constructed at the point F on the
straight-line FC' [Prop. 1.23]. And let AG have been
drawn through A parallel to EC [Prop. 1.31], and let CG
have been drawn through C parallel to EF [Prop. 1.31].
Thus, FECG is a parallelogram. And since BF is equal
to EC, triangle ABF is also equal to triangle AEC. For
they are on the equal bases, BE and EC, and between
the same parallels, BC and AG [Prop. 1.38]. Thus, tri-
angle ABC' is double (the area) of triangle AEC. And
parallelogram FECG is also double (the area) of triangle
AEC. For it has the same base as (AEC), and is between
the same parallels as (AEC) [Prop. 1.41]. Thus, paral-
lelogram F'ECG is equal to triangle ABC. (FECG) also
has the angle CEF equal to the given (angle) D.

Thus, parallelogram FECG, equal to the given trian-
gle ABC, has been constructed in the angle CEF, which
is equal to D. (Which is) the very thing it was required
to do.

Proposition 43

For any parallelogram, the complements of the paral-
lelograms about the diagonal are equal to one another.

Let ABCD be a parallelogram, and AC' its diagonal.
And let EH and FG be the parallelograms about AC, and
BK and K D the so-called complements (about AC). I
say that the complement BK is equal to the complement
KD.

For since ABC'D is a parallelogram, and AC its diago-
nal, triangle ABC'is equal to triangle ACD [Prop. 1.34].
Again, since F'H is a parallelogram, and AK is its diago-
nal, triangle AEK is equal to triangle AH K [Prop. 1.34].
So, for the same (reasons), triangle K F'C is also equal to
(triangle) KGC. Therefore, since triangle AEK is equal
to triangle AHK, and KFC to KGC, triangle AEK plus
KGC is equal to triangle AHK plus KFC. And the
whole triangle ABC is also equal to the whole (triangle)
ADC'. Thus, the remaining complement BK is equal to



YTOIXEIOQN o'

ELEMENTS BOOK 1

Thnewpati éoty loov.

A &)
B H

A

L

I

IMovtog dpa maparAnhoypdupou ywelou @y mepl Ty
BLAUETEOV TUPUAANAOY EAUULY T Topamhneuato too GAAY-
how €otiv: 6mep €de Bellan.

uo’.
Toapd v dodeicay ebdelo 16 80¥EVTL Ty WV (oov Ta-
poAAnAoypaupov tapofahely év tfj bodelon ywvia ebduypdy-
-

A
E K

|2
G A A
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Yuveotdtw 6 I' tpiydve loov mapadAnhdypaupov To
BEZH év yovia tfj bno EBH, # éotv Ton tij A+ xal xelodw
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énl 10 O, xal S ol A onotépa tév BH, EZ noapdiinioc
Ao 7 AO, xol éneledydo 1 OB. xal énel eic topalhiioug
tac AO, EZ ebdcia événeoev 1) ©Z, ol dpa Uno AOZ, OZE
yoviow ducty opdaic elowv Toon. ol dpa Umo BOH, HZE
000 6p0BV ENdocovég elov' ol B dmd Ehaccdvwv 1) BLO
6p06V cig dnelpov ExBourlduevon cuurintousty: ol ©B, ZE
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the remaining complement K D.

A H D

NN 4

B G C

Thus, for any parallelogramic figure, the comple-
ments of the parallelograms about the diagonal are equal
to one another. (Which is) the very thing it was required
to show.

Proposition 44

To apply a parallelogram equal to a given triangle to
a given straight-line in a given rectilinear angle.

4 ;

]

LT ]
H A L
Let AB be the given straight-line, C' the given trian-
gle, and D the given rectilinear angle. So it is required to
apply a parallelogram equal to the given triangle C to the
given straight-line AB in an angle equal to (angle) D.
Let the parallelogram BEFG, equal to the triangle C,
have been constructed in the angle EBG, which is equal
to D [Prop. 1.42]. And let it have been placed so that
BE is straight-on to AB." And let FG have been drawn
through to H, and let AH have been drawn through A
parallel to either of BG or EF' [Prop. 1.31], and let HB
have been joined. And since the straight-line HF falls

across the parallels AH and EF, the (sum of the) an-
gles AHF and HFFE is thus equal to two right-angles
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ZK tfj ©H Ton te xol mopdhhnidg EoTiy, dAAL xol 1} OH ]
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[Prop. 1.29]. Thus, (the sum of) BHG and GFE is less
than two right-angles. And (straight-lines) produced to
infinity from (internal angles whose sum is) less than two
right-angles meet together [Post. 5]. Thus, being pro-
duced, HB and F'E will meet together. Let them have
been produced, and let them meet together at K. And let
KL have been drawn through point K parallel to either
of EA or FH [Prop. 1.31]. And let HA and GB have
been produced to points L and M (respectively). Thus,
HLKF is a parallelogram, and HK its diagonal. And
AG and ME (are) parallelograms, and LB and BF the
so-called complements, about H K. Thus, LB is equal to
BF [Prop. 1.43]. But, BF is equal to triangle C. Thus,
LB is also equal to C. Also, since angle GBE is equal to
ABM [Prop. 1.15], but GBE is equal to D, ABM is thus
also equal to angle D.

Thus, the parallelogram LB, equal to the given trian-
gle C, has been applied to the given straight-line AB in
the angle ABM, which is equal to D. (Which is) the very
thing it was required to do.

Proposition 45

To construct a parallelogram equal to a given rectilin-
ear figure in a given rectilinear angle.

Let ABCD be the given rectilinear figure,” and F the
given rectilinear angle. So it is required to construct a
parallelogram equal to the rectilinear figure ABCD in
the given angle F.

Let DB have been joined, and let the parallelogram
FH, equal to the triangle ABD, have been constructed
in the angle H K I, which is equal to E [Prop. 1.42]. And
let the parallelogram GM, equal to the triangle DBC,
have been applied to the straight-line GH in the angle
GH M, which is equal to E [Prop. 1.44]. And since angle
E is equal to each of (angles) HKF and GHM, (an-
gle) HKF is thus also equal to GHM. Let KHG have
been added to both. Thus, (the sum of) FKH and K HG
is equal to (the sum of) KHG and GHM. But, (the
sum of) FKH and KHG is equal to two right-angles
[Prop. 1.29]. Thus, (the sum of) KHG and GHM is
also equal to two right-angles. So two straight-lines, K H
and H M, not lying on the same side, make adjacent an-
gles with some straight-line GH, at the point H on it,
(whose sum is) equal to two right-angles. Thus, K H is
straight-on to HM [Prop. 1.14]. And since the straight-
line HG falls across the parallels KM and FG, the al-
ternate angles M HG and HGF are equal to one another
[Prop. 1.29]. Let HGL have been added to both. Thus,
(the sum of) MHG and HGL is equal to (the sum of)
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HGF and HGL. But, (the sum of) M HG and HGL is
equal to two right-angles [Prop. 1.29]. Thus, (the sum of)
HGF and HGL is also equal to two right-angles. Thus,
F@ is straight-on to GL [Prop. 1.14]. And since FK is
equal and parallel to HG [Prop. 1.34], but also HG to
ML [Prop. 1.34], K'F' is thus also equal and parallel to
ML [Prop. 1.30]. And the straight-lines KM and FL
join them. Thus, KM and FL are equal and parallel as
well [Prop. 1.33]. Thus, K F LM is a parallelogram. And
since triangle ABD is equal to parallelogram FH, and
DBC to GM, the whole rectilinear figure ABCD is thus
equal to the whole parallelogram K FLM.

D
C
A
E
B
/ | /G / |
K H M
Thus, the parallelogram K F LM, equal to the given
rectilinear figure ABC D, has been constructed in the an-

gle 'K M, which is equal to the given (angle) E. (Which
is) the very thing it was required to do.

T The proof is only given for a four-sided figure. However, the extension to many-sided figures is trivial.

b
Ano tiic Sodelone evldelac tetpdywvov dvarypddou.
"Eotw 1 doldcioa evdeia 1} AB- B¢l oW ano tiic AB
evlelac tetpdywvov dvarypddou.
"Hydw tfj AB eddela dno 10D mpog adtf onueiov tob
A npocg optac N AT, xal xelobw ] AB lon 1 AA- xal 8
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0¢ o0 B onueiov tfj AA nopdhinioc ¥iydw 1 BE. mopoi-
Anhbéypappov Gpa eoti 0 AAEB- Ton dpa éotiv 1 ue¢v AB
i AE, | 6¢ AA tfj BE. ddha 7 AB tfj AA éotw Tlon:
ol téooapeg dpo ol BA, AA, AE, EB {ooa dhioug eiotv:
lob6mAevpov dpo €0t 10 AAEB mopohhnidypauuov. AEyw
o, 6t xol opoydviov. Emel yop eic moparifhous tac AB,
AE e00eio événeoev 7} AA, ol Gpo o BAA, AAE ywvio
B0 6plaic Toon elotv. opUT 8¢ 1 Umd BAA- 6007 dpa xal

Proposition 46

To describe a square on a given straight-line.

Let AB be the given straight-line. So it is required to
describe a square on the straight-line AB.

Let AC have been drawn at right-angles to the
straight-line AB from the point A on it [Prop. 1.11],
and let AD have been made equal to AB [Prop. 1.3].
And let DFE have been drawn through point D parallel to
AB [Prop. 1.31], and let BE have been drawn through
point B parallel to AD [Prop. 1.31]. Thus, ADEB is a
parallelogram. Therefore, AB is equal to DFE, and AD to
BE [Prop. 1.34]. But, AB is equal to AD. Thus, the four
(sides) BA, AD, DE, and EB are equal to one another.
Thus, the parallelogram ADEB is equilateral. So I say
that (it is) also right-angled. For since the straight-line
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AD falls across the parallels AB and DE, the (sum of
the) angles BAD and ADF is equal to two right-angles
[Prop. 1.29]. But BAD (is a) right-angle. Thus, ADFE
(is) also a right-angle. And for parallelogrammic figures,
the opposite sides and angles are equal to one another
[Prop. 1.34]. Thus, each of the opposite angles ABE
and BED (are) also right-angles. Thus, ADFEB is right-
angled. And it was also shown (to be) equilateral.

C
D E
A B

Thus, (ADEB) is a square [Def. 1.22]. And it is de-
scribed on the straight-line AB. (Which is) the very thing
it was required to do.

Proposition 47

In right-angled triangles, the square on the side sub-
tending the right-angle is equal to the (sum of the)
squares on the sides containing the right-angle.

Let ABC be a right-angled triangle having the angle
BACa right-angle. I say that the square on BC is equal
to the (sum of the) squares on BA and AC.

For let the square BDEC have been described on
BC, and (the squares) GB and HC on AB and AC
(respectively) [Prop. 1.46]. And let AL have been
drawn through point A parallel to either of BD or CE
[Prop. 1.31]. And let AD and F'C have been joined. And
since angles BAC and BAG are each right-angles, then
two straight-lines AC' and AG, not lying on the same
side, make the adjacent angles with some straight-line
BA, at the point A on it, (whose sum is) equal to two
right-angles. Thus, C' A is straight-on to AG [Prop. 1.14].
So, for the same (reasons), BA is also straight-on to AH.
And since angle DBC is equal to F'BA, for (they are)
both right-angles, let ABC have been added to both.
Thus, the whole (angle) DBA is equal to the whole (an-
gle) FBC. And since DB is equal to BC, and FB to
BA, the two (straight-lines) DB, BA are equal to the
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t The Greek text has “F' B, BC”, which is obviously a mistake.

1 This is an additional common notion.

47

two (straight-lines) CB, BF,' respectively. And angle
DBA (is) equal to angle FBC. Thus, the base AD [is]
equal to the base F'C, and the triangle ABD is equal to
the triangle FBC [Prop. 1.4]. And parallelogram BL
[is] double (the area) of triangle ABD. For they have
the same base, BD, and are between the same parallels,
BD and AL [Prop. 1.41]. And square GB is double (the
area) of triangle FFBC. For again they have the same
base, F'B, and are between the same parallels, F'B and
GC [Prop. 1.41]. [And the doubles of equal things are
equal to one another.]* Thus, the parallelogram BL is
also equal to the square GB. So, similarly, AE and BK
being joined, the parallelogram CL can be shown (to
be) equal to the square HC. Thus, the whole square
BDEC is equal to the (sum of the) two squares GB and
HC. And the square BDEC is described on BC, and
the (squares) GB and HC on BA and AC (respectively).
Thus, the square on the side BC' is equal to the (sum of
the) squares on the sides BA and AC.
H

D L E
Thus, in right-angled triangles, the square on the
side subtending the right-angle is equal to the (sum of
the) squares on the sides surrounding the right-[angle].
(Which is) the very thing it was required to show.
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Proposition 48

If the square on one of the sides of a triangle is equal
to the (sum of the) squares on the two remaining sides of
the triangle then the angle contained by the two remain-
ing sides of the triangle is a right-angle.

C

D A B

For let the square on one of the sides, BC, of triangle
ABC be equal to the (sum of the) squares on the sides
BA and AC. I say that angle BAC is a right-angle.

For let AD have been drawn from point A at right-
angles to the straight-line AC' [Prop. 1.11], and let AD
have been made equal to BA [Prop. 1.3], and let DC
have been joined. Since DA is equal to AB, the square
on DA is thus also equal to the square on AB.' Let the
square on AC have been added to both. Thus, the (sum
of the) squares on DA and AC is equal to the (sum of
the) squares on BA and AC. But, the (square) on DC' is
equal to the (sum of the squares) on DA and AC. For an-
gle DAC is a right-angle [Prop. 1.47]. But, the (square)
on BC is equal to (sum of the squares) on BA and AC.
For (that) was assumed. Thus, the square on DC is equal
to the square on BC. So side DC is also equal to (side)
BC. And since DA is equal to AB, and AC (is) com-
mon, the two (straight-lines) DA, AC are equal to the
two (straight-lines) BA, AC. And the base DC' is equal
to the base BC. Thus, angle DAC [is] equal to angle
BAC [Prop. 1.8]. But DAC is a right-angle. Thus, BAC
is also a right-angle.

Thus, if the square on one of the sides of a triangle is
equal to the (sum of the) squares on the remaining two
sides of the triangle then the angle contained by the re-
maining two sides of the triangle is a right-angle. (Which
is) the very thing it was required to show.

 Here, use is made of the additional common notion that the squares of equal things are themselves equal. Later on, the inverse notion is used.
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Definitions
1. Any rectangular parallelogram is said to be con-
tained by the two straight-lines containing the right-
angle.
2. And in any parallelogrammic figure, let any one
whatsoever of the parallelograms about its diagonal,
(taken) with its two complements, be called a gnomon.

Proposition 17

If there are two straight-lines, and one of them is cut
into any number of pieces whatsoever, then the rectangle
contained by the two straight-lines is equal to the (sum
of the) rectangles contained by the uncut (straight-line),
and every one of the pieces (of the cut straight-line).

A

B D E C

G

K L H

F

Let A and BC be the two straight-lines, and let BC'
be cut, at random, at points D and F. I say that the rect-
angle contained by A and BC' is equal to the rectangle(s)
contained by A and BD, by A and DF, and, finally, by A
and EC.

For let BF' have been drawn from point B, at right-
angles to BC [Prop. 1.11], and let BG be made equal
to A [Prop. 1.3], and let GH have been drawn through
(point) G, parallel to BC [Prop. 1.31], and let DK, FL,
and C H have been drawn through (points) D, E, and C
(respectively), parallel to BG [Prop. 1.31].

So the (rectangle) BH is equal to the (rectangles)
BK, DL,and EH. And BH is the (rectangle contained)
by A and BC. For it is contained by GB and BC, and BG
(is) equal to A. And BK (is) the (rectangle contained) by
A and BD. For it is contained by GB and BD, and BG
(is) equal to A. And DL (is) the (rectangle contained) by
A and DE. For DK, that is to say BG [Prop. 1.34], (is)
equal to A. Similarly, EH (is) also the (rectangle con-
tained) by A and FC. Thus, the (rectangle contained)
by A and BC is equal to the (rectangles contained) by A
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€deL detlou. and BD, by A and DF, and, finally, by A and EC.

Thus, if there are two straight-lines, and one of them
is cut into any number of pieces whatsoever, then the
rectangle contained by the two straight-lines is equal
to the (sum of the) rectangles contained by the uncut
(straight-line), and every one of the pieces (of the cut
straight-line). (Which is) the very thing it was required
to show.

T This proposition is a geometric version of the algebraic identity: a (b +c+d+---) =ab+ac+ad+---.

B Proposition 21
"Eav ebdeta ypouun tundfi, Gg étuyeyv, 1o Uno tfic dhng If a straight-line is cut at random then the (sum of
%ol EXATEPOL TEV TUNUATOY Tepleyduevoy 6pdoymviov ioov  the) rectangle(s) contained by the whole (straight-line),
gotl 16 ano Tiic GANG TETRAYOVL. and each of the pieces (of the straight-line), is equal to

the square on the whole.

A T B A C B

A 7 E D F E

Eddeta yop | AB tetuiodw, o¢ €tuyev, xatd to I For let the straight-line AB have been cut, at random,
onueiov: Myw, otL t0 Lnd v AB, BI' nepieyduevov at point C. I say that the rectangle contained by AB and
opdoydviov petd tol Und BA, AT mepeyouévou 6pdo- BC, plus the rectangle contained by BA and AC, is equal

yoviou Toov €oti 16 dno tfic AB tetpaydve. to the square on AB.

Avayeypdpdo ydp ano tfic AB tetpdywvov 16 AAEB, For let the square ADFE B have been described on AB
xol Aydw Si1d 1ol I' omotépa v AA, BE nopdiinioc 7} [Prop. 1.46], and let CF' have been drawn through C,
VA parallel to either of AD or BE [Prop. 1.31].

Toov 8% €éoti 0 AE toic AZ, TE. xai éon w0 pev AE So the (square) AF is equal to the (rectangles) AF

10 and tfic AB tetpdywvov, 1o 8¢ AZ 1o Ono v BA, and CE. And AF is the square on AB. And AF (is) the

AT mepieyduevov dploydviov: epéyetor pev yap Lo tiv  rectangle contained by the (straight-lines) BA and AC.

AA, AT, lon 8¢ f} AA tfj AB* 10 8¢ I'E 10 Uno tév AB, For it is contained by DA and AC, and AD (is) equal to

BI'- ion yap f) BE tfj AB. 10 dpa Uno tev BA, AT petd AB. And CFE (is) the (rectangle contained) by AB and

0D Uno t&v AB, BT Toov éotl 16 and tfic AB tetpaydvew. BC. For BE (is) equal to AB. Thus, the (rectangle con-

"Edav dpo evdeior ypopun tundi, d¢ €tuyev, 16 Uno tfic  tained) by BA and AC, plus the (rectangle contained) by

SANG wall ExorTépou THV TUNUdTLY Tepieyduevoy opdoywviov  AB and BC, is equal to the square on AB.

{oov 0Tl 16 ano Tfic 6ANng TeTpay vy Onep EdeL BETE L. Thus, if a straight-line is cut at random then the (sum
of the) rectangle(s) contained by the whole (straight-
line), and each of the pieces (of the straight-line), is equal
to the square on the whole. (Which is) the very thing it
was required to show.

o1
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T This proposition is a geometric version of the algebraic identity: ab+ ac= a2 ifa =b+c.

Y.

‘Edv e00cia ypaupn tundfi, oc étuyey, T o T 6ANg
%ol EVOG TBY TUNUdTLY Tepleyduevoy 6pdoymvioy loov €Tl
T Te UMO TEV TUNPATWY TEQLEYOUEVY OpToywviey ol T&
4no 1ol MEOELENUEVOL TUARATOS TETEAY VY.

A I B

Z A E

Eodeio yap | AB tetuiodw, oc Etuyev, xatd to I
Myw, 6t 1o o v AB, BI' nepieyduevov dptoydviov
{oov €oti 16 1€ Uo v AT, I'B nepieyopéve dpdoywvin
petd tob and tiic BI' tetparyddvou.

Avayeypdpdw yap dno tiic I'B tetpdywvov 10 TAEB,
xal Sy dw N EA énl 10 Z, xal 61& 10D A omotépa tév I'A,
BE nogddinhoc Yiydw 1 AZ. ioov 87 éott 10 AE tolc AA,
I'E- xoi éott 160 pev AE 16 Ono t@v AB, BT nepieydpevov
opdoydviov: mepléyetan uev yap bro v AB, BE, Tor 8¢ 7)
BE tfj BI' 76 8¢ AA 10 Ono w@&v AL, I'B- Ton yap /| AT
tfj I'B- 0 8¢ AB 10 dno tfic I'B tetpdywvov: 10 oo U1o
v AB, BI' nepieydpevov 6pdoyiviov loov éotl 16 OTO
@v AT, I'B nepieyopéve oploynvie yetd tob dno tiic BI'
TETPAYDOVOU.

‘Edv dpa e0deia ypouun tundij, d¢ étuyev, 10 Ono tfic
OANC %ol EVOC TGV TUNUATLY TEPLEYOUEVOVY 6pdoydviov loov
€otl 16 e UNO TEBY TUNUATWY TEPLEYOUEVL 6pF0ymViey xal
T8 Amod Tol MEoEENUEVOU TUNUUTOS TETPAY MV 6Tep €0l
OeiEan.

Proposition 3f

If a straight-line is cut at random then the rectangle
contained by the whole (straight-line), and one of the
pieces (of the straight-line), is equal to the rectangle con-
tained by (both of) the pieces, and the square on the
aforementioned piece.

A C B

F D E

For let the straight-line AB have been cut, at random,
at (point) C. I say that the rectangle contained by AB
and BC is equal to the rectangle contained by AC and
CB, plus the square on BC.

For let the square C DE B have been described on CB
[Prop. 1.46], and let ED have been drawn through to
F, and let AF have been drawn through A, parallel to
either of CD or BE [Prop. 1.31]. So the (rectangle) AE
is equal to the (rectangle) AD and the (square) CE. And
AFE is the rectangle contained by AB and BC. For it is
contained by AB and BE, and BF (is) equal to BC. And
AD (is) the (rectangle contained) by AC and C'B. For
DC (is) equal to CB. And DB (is) the square on CB.
Thus, the rectangle contained by AB and BC is equal to
the rectangle contained by AC and CB, plus the square
on BC.

Thus, if a straight-line is cut at random then the rect-
angle contained by the whole (straight-line), and one of
the pieces (of the straight-line), is equal to the rectangle
contained by (both of) the pieces, and the square on the
aforementioned piece. (Which is) the very thing it was
required to show.

T This proposition is a geometric version of the algebraic identity: (a + b) a = a b + a®.

0.

‘Edav edtelo ypouur, tundfj, dg étuyev, 10 ano tfic
O\ne TeETEdYWVOY ooV EoTl TOlC TE Gno TEV TUNUATWY Te-
TEAYWVOLS X0l T8 Ol LTTO TEV TUNUATWY Tepleyopéve oplo-

Proposition 4

If a straight-line is cut at random then the square
on the whole (straight-line) is equal to the (sum of the)
squares on the pieces (of the straight-line), and twice the
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YOVI.
A I" B
® H K
A Z E

Eodeio yap yeouun f AB tetuiodw, ¢ Etuyev, xatd
0 I'. Méyw, 611 10 dno tfic AB tetpdywvov loov ol toic
te 4no v AT', I'B tetpaydvolc xai 16 Sl o tev AT,
I'B nepieyouévey 6p00ymvie.

Avayeypdpdw yap ano tfic AB tetpdywvov 10 AAEB,
xal éneletydw H BA, xai 8 ygv 100 I' onotépa t@v AA,
EB napdhinioc Yiydw 1 I'Z, 814 8¢ 1ot H onotépa tésv AB,
AE nopdhinioc iydw f OK. xai énel noapdhhnhoc oty 1
I'Z i AA, ol eic adtdg éunéntoxey ) BA, f éxtog ywvia
7 o T'HB Tom éotl tfj €vtog xol drevavtiov tf) Undo AAB.
AN 1 o AAB tf] Und ABA éotwy Tor, énel xal mheupd 1)
BA tfj AA éotwv lon® xal 7 Ono T'HB &po yewvid tfj bno HBI
goty Ton dote ol mhevpd N BI' mhevpd tfj I'H éotv Ton:
A\’ 1y pev I'B tff HK éotwv Ton. 7 8¢ I'H tfj KB* xai 1 HK
Gpa ] KB oty o iodmheupov dpa éott 10 I'HKB. AMéyw
oM, 6Tl xal 6pfoymviov. €mel yap mopdhAniéc oty 1} I'H
f] BK [xol eic adtdc eunéntoxey eddeio i I'B], ol dpo Untd
KBI', HI'B ywviaw 800 6ploic ciow foon. el 8¢ # Uno
KBTI 6p07 dpo xal 7 bno BI'H: &ote xal ol dmevavtiov
ai bmo 'HK, HKB épdal eiowv. éploywviov dpa €otl 10
I'HKB- belydn 8¢ xal iodmAcupov: teTpdywvov dpo EoTiv:
xai oty anod tfic I'B. dia 1o ad T 81 %ol 10 OZ teTtpdyvoy
gotv: xof éotwy dnod tiic OH, toutéotiv [Amd] tiic Al <&
Gpa OZ, KI' tetpdywva dno tév AL, I'B eiow. xal énel
loov €01l T0 AH 6 HE, xoi éott t0 AH t0 Ono tév AT,
I'B: Ton yap H HI' tfj I'B* xat 16 HE dpoa ioov éotl 16
ono Al I'B- <& dpo AH, HE Too éotl 16 dic Onod v
AT, I'B. got 8¢ xal & ©Z, I'K tetpdywva dno tév Al
I'B- <& dpa téooapa w0 ©Z, 'K, AH, HE oo éoti tolc T€
ano v ALY, I'B tetpaydvoig xal w6 Sl bno w@ésv AL, I'B
TEplE)OéVe Gploywviw. dAAd ta ©Z, I'K, AH, HE 8hov
¢otl 10 AAEB, ¢ éotwv ano tiic AB tetpdywvov: to dpa
ano tiic AB tetpdywvov loov éotl tolg te dnod @y Al
I'B tetpaydvole xal 16 dlc Und tév AL, I'B mepieyopéve
6p00Y0ViE.

‘Eav dpa e0deia ypouun tundij, d¢ €tuyev, 10 ano tfic
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rectangle contained by the pieces.

A C B
H G K
D F E

For let the straight-line AB have been cut, at random,
at (point) C. I say that the square on AB is equal to
the (sum of the) squares on AC' and C'B, and twice the
rectangle contained by AC and C'B.

For let the square ADFE B have been described on AB
[Prop. 1.46], and let BD have been joined, and let CF
have been drawn through C, parallel to either of AD or
EB [Prop. 1.31], and let HK have been drawn through
G, parallel to either of AB or DF [Prop. 1.31]. And since
CF is parallel to AD, and BD has fallen across them, the
external angle CGB is equal to the internal and opposite
(angle) ADB [Prop. 1.29]. But, ADB is equal to ABD,
since the side BA is also equal to AD [Prop. 1.5]. Thus,
angle CGB is also equal to GBC. So the side BC is
equal to the side CG [Prop. 1.6]. But, C'B is equal to
GK, and CG to K B [Prop. 1.34]. Thus, GK is also equal
to K B. Thus, CGK B is equilateral. So I say that (it is)
also right-angled. For since C'G is parallel to BK [and the
straight-line C'B has fallen across them], the angles K BC'
and GC B are thus equal to two right-angles [Prop. 1.29].
But K BC (is) a right-angle. Thus, BCG (is) also a right-
angle. So the opposite (angles) CGK and GK B are also
right-angles [Prop. 1.34]. Thus, CGK B is right-angled.
And it was also shown (to be) equilateral. Thus, it is a
square. And it is on CB. So, for the same (reasons),
HF is also a square. And it is on HG, that is to say [on]
AC [Prop. 1.34]. Thus, the squares HF' and KC are
on AC and CB (respectively). And the (rectangle) AG
is equal to the (rectangle) GE [Prop. 1.43]. And AG is
the (rectangle contained) by AC and C'B. For GC' (is)
equal to CB. Thus, GF is also equal to the (rectangle
contained) by AC and C'B. Thus, the (rectangles) AG
and GFE are equal to twice the (rectangle contained) by
AC and CB. And HF and CK are the squares on AC
and CB (respectively). Thus, the four (figures) HF, CK,
AG, and GEFE are equal to the (sum of the) squares on
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O\ne TeETEdYWVOY ooV EoTl TOlC Te dno TEV TUNUATWY Te-
TEAYWVOLS X0l T8 Ol LTTO TEV TUNUATWY Tepleyopéve opdo-
yoviw: énep Edel Oellou.

AC and BC, and twice the rectangle contained by AC
and CB. But, the (figures) HF, CK, AG, and GE are
(equivalent to) the whole of ADF B, which is the square
on AB. Thus, the square on AB is equal to the (sum
of the) squares on AC and C'B, and twice the rectangle
contained by AC and CB.

Thus, if a straight-line is cut at random then the
square on the whole (straight-line) is equal to the (sum
of the) squares on the pieces (of the straight-line), and
twice the rectangle contained by the pieces. (Which is)
the very thing it was required to show.

T This proposition is a geometric version of the algebraic identity: (a + b)2 = a? + b2 +2ab.

o
‘Edv e0deia ypouur tundij eic loa xol dvica, 16 OTo TV
aviowv tfic GANG TUNUATEVY TepleyOUEVOY OpTOYMVIOY YETA
ol dnd tiic uetadh @V Toudv TeTpAYOVOU loov éotl TE
ano tic Huloelog TeETEAYWVE.

A " A B

AP
E H Z

Eddeio ydp 1 f AB tetpiolo eig uyev foo xatd 1o
I, cic 8¢ dvica xatd T A* Aéyw, 6L o Uno v AA, AB
Tepley Opevov 6pdoydviov petd tob ano tiic IA tetpaydvou
loov éotl 18 anod tfic I'B tetpaydve.

Avayeypdpdw yap dno tfic I'B tetpdywvov 10 I'EZB,
xal éneledydo N BE, xol did pév 100 A onotépa t@v I'E,
BZ mapdhinroc Aydw 1 AH, dx 8¢ tol © onotépa iV
AB, EZ nopdiinhoc néhw ydo 7 KM, xail méhwy Sié tob A
onotépq tev I'A, BM nopdhinioc iydw f AK. xol énel ioov
¢otl 10 I'O nopoamhipwua 6 OZ mupamANeOUTL, XOWOV
npooxeloVw 10 AM:- dhov dpa 10 I'M éhw 6 AZ loov
gotlv. dAA& t0 I'M 13 AA Toov €otly, énel xol 7 A
I'B éouv Ton xai 10 AA 8po 16 AZ loov €otiv. xowov
npooxeiodw 10 'O dhov dpa 10 AO 16 MNET yvduow
{oov éotiv. A& T0 AO 16 Onod v AA, AB oty Tom
voo i AO tff AB: xat 6 MNE 8po yvouwy loog ot 6
0o AA, AB. xowov npooxeiodn to AH, 6 éotwv loov 6
ano tiic FA- 6 Gpo MNE yvouwv xol 10 AH loa éotl 16
Ono v AA, AB mepleyouéve dptoywvie xol 6 dno tiic

K M

Proposition 5

If a straight-line is cut into equal and unequal (pieces)
then the rectangle contained by the unequal pieces of the
whole (straight-line), plus the square on the (difference)
between the (equal and unequal) pieces, is equal to the
square on half (of the straight-line).

A C D B
19
I/H \\
A M
N g
K LN
E G F

For let any straight-line AB have been cut—equally at
C, and unequally at D. I say that the rectangle contained
by AD and DB, plus the square on CD, is equal to the
square on C'B.

For let the square C EF' B have been described on CB
[Prop. 1.46], and let BE have been joined, and let DG
have been drawn through D, parallel to either of CFE or
BF [Prop. 1.31], and again let KM have been drawn
through H, parallel to either of AB or EF [Prop. 1.31],
and again let AK have been drawn through A, parallel to
either of CL or BM [Prop. 1.31]. And since the comple-
ment C'H is equal to the complement HF [Prop. 1.43],
let the (square) DM have been added to both. Thus,
the whole (rectangle) CM is equal to the whole (rect-
angle) DF. But, (rectangle) C M is equal to (rectangle)
AL, since AC is also equal to CB [Prop. 1.36]. Thus,
(rectangle) AL is also equal to (rectangle) DF'. Let (rect-
angle) CH have been added to both. Thus, the whole
(rectangle) AH is equal to the gnomon NOP. But, AH
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A tetpayddve. dhie 6 MNZ yvouwy xat 1o AH éhov éotl
| ; g 3 NP N
10 I'EZB tetpdywvov, 6 €éottv ano tiic I'B- 10 dpa Ono té&v
AA, AB mnepieyduevov dptoymviov yetd tod ano tfic I'A

TeTPAYOVOL Toov £oTl T8 and tiic I'B tetparydve.

‘Edv oo ebdeio ypouun tundfj eic oo xal dvica, 16 o
6V dvicwv Tiic OAne TuNUdTeY TEpeydUuevoy dpltoymdvioy
HETA TOU Gmo Tiic YeTadh TEV TopdsY TeTpay®vou ooy €otl
6 anod tiic Nuloelag teTpay®ve. Onep Edet SelEou.

is the (rectangle contained) by AD and DB. For DH
(is) equal to DB. Thus, the gnomon NOP is also equal
to the (rectangle contained) by AD and DB. Let LG,
which is equal to the (square) on C'D, have been added to
both. Thus, the gnomon NOP and the (square) LG are
equal to the rectangle contained by AD and DB, and the
square on C'D. But, the gnomon NOP and the (square)
LG is (equivalent to) the whole square C EF B, which is
on C'B. Thus, the rectangle contained by AD and DB,
plus the square on C'D, is equal to the square on C'B.

Thus, if a straight-line is cut into equal and unequal
(pieces) then the rectangle contained by the unequal
pieces of the whole (straight-line), plus the square on the
(difference) between the (equal and unequal) pieces, is
equal to the square on half (of the straight-line). (Which
is) the very thing it was required to show.

 Note the (presumably mistaken) double use of the label M in the Greek text.

* This proposition is a geometric version of the algebraic identity: a b + [(a + b)/2 — b]? = [(a + b)/2]3.

7.

‘Edav eddelo yoopur tundf diya, npootedf] 6¢ tic adTi
ebdelo en” eblelag, 1O UnO Tiic OANg oLV Tfj Tpooxeévn xol
tfic npooxeévne nepleyduevov 6pB6yOVIOY YeTd ToD Ao
tfic Nuioelac tetpaydvou foov €Tl 16 dno tic cuyxewévne
&x Te tfic Noelag xol Tfic TPOOKEWEVNS TETPAYWVE.

A I B A

K M

E H Z

Eddeta ydp tic § AB teturiode diyo xatd 16 I' onucioy,
npooxeloVw 6¢ Tic adtf) eddela én’ edleloc | BA- Aéyow,
6t 10 OO v AA, AB mepieydupevov éptoydviov YeTd
tob ano tiic I'B tetpaydvou Toov éott 16 dno tiic TA te-
TEAY V.

Avayeypdpdw yap ano tiic IA tetpdywvov 10 TEZA,
xal éneledydow N AE, xol dd pév 1ol B onuelouv omotépa
v EI', AZ nogdAnhoc fiydw 7 BH, dua 8¢ o0 © onueiou
onotépa v AB, EZ nopddinhoc Yydw 7 KM, xal €t 8
ol A omotépy eV I'A, AM nopddinhoc Ayde 1 AK.

‘Enel obv Ton éotiv /| AT tfj I'B, Toov éott xai 16 AA
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Proposition 6

If a straight-line is cut in half, and any straight-line
added to it straight-on, then the rectangle contained by
the whole (straight-line) with the (straight-line) having
being added, and the (straight-line) having being added,
plus the square on half (of the original straight-line), is
equal to the square on the sum of half (of the original
straight-line) and the (straight-line) having been added.

A C B D

E G F

For let any straight-line AB have been cut in half at
point C, and let any straight-line B D have been added to
it straight-on. I say that the rectangle contained by AD
and DB, plus the square on CB, is equal to the square
on CD.

For let the square CEFD have been described on
CD [Prop. 1.46], and let DE have been joined, and
let BG have been drawn through point B, parallel to
either of EC or DF [Prop. 1.31], and let KM have
been drawn through point H, parallel to either of AB
or EF [Prop. 1.31], and finally let AK have been drawn
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6 I'O. @& 16 I'O 16 OZ Toov otlv. xal 10 AA Spa 16
OZ gotuv loov. xowov mpooxeioVw to I'M- dhov dpa to
AM 13 NEO yvouovi éotwy Toov. dAAd 10 AM éoti 10 OO
v AA, AB- Ton ydp éotv 1 AM tff AB: xai 6 NZO &pa
YVOPLY loog ¢otl 6 Und 6y AA, AB [nepieyouéve dpdo-
yoviw]. xowdv tpooxelotn 10 AH, & éotw Toov 18 dnod
tfic BI' tetpaytdve: 1o Gpo o tév AA, AB nepieyduevov
6pdoyoviov yeta 1ol dno tfic I'B tetpaydvou loov éotl
% NZO yvopow xal 6 AH. ddda 6 NEO yvoduwv ol
w0 AH 6hov éotl 10 TEZA tetpdywvoyv, 6 éotv dnd tiic
A 10 8pa Ono tév AA, AB rnepieydpevov optoydviov
petd tob ano tfic I'B tetpaydvou loov €otl 16 dno tfic A
TETPAYOVE).

‘Eav dpa e0deio yoopun tundf] diya, mpootedf] 8¢ Tic
aOTf] ebdelo én” ebldelog, T0 OO Tiic 6Ang obv Tfj mpo-
oxewévy) xal Tfic mpooxewévne nepleyduevoy opltdymvioy
petd tob ano tfic Huloelag tetpaywvou ioov €otl ¢ Ao
tfic ouyxeévne éx te tfic Nuoeloc xol Tfic Tpooxewwévne
TETPAY OV Omep E0eL BETCan.

through A, parallel to either of C'L or DM [Prop. 1.31].
Therefore, since AC' is equal to CB, (rectangle) AL is
also equal to (rectangle) CH [Prop. 1.36]. But, (rectan-
gle) CH is equal to (rectangle) HF [Prop. 1.43]. Thus,
(rectangle) AL is also equal to (rectangle) HF'. Let (rect-
angle) C'M have been added to both. Thus, the whole
(rectangle) AM is equal to the gnomon NOP. But, AM
is the (rectangle contained) by AD and DB. For DM is
equal to DB. Thus, gnomon NOP is also equal to the
[rectangle contained] by AD and DB. Let LG, which
is equal to the square on BC, have been added to both.
Thus, the rectangle contained by AD and DB, plus the
square on CB, is equal to the gnomon NOP and the
(square) LG. But the gnomon NOP and the (square)
LG is (equivalent to) the whole square C EF D, which is
on CD. Thus, the rectangle contained by AD and DB,
plus the square on CB, is equal to the square on C'D.
Thus, if a straight-line is cut in half, and any straight-
line added to it straight-on, then the rectangle contained
by the whole (straight-line) with the (straight-line) hav-
ing being added, and the (straight-line) having being
added, plus the square on half (of the original straight-
line), is equal to the square on the sum of half (of the
original straight-line) and the (straight-line) having been
added. (Which is) the very thing it was required to show.

T This proposition is a geometric version of the algebraic identity: (2 a + b) b+ a? = (a + b)2.

Z.

‘Edv e00cia ypaupn tundfi, dc étuyey, To ano tfig 6Ang
%ol TO G EVOC TEHV TUNUATOY TA CUVAUPOTEQO TETEA YWV
loa €otl 18 te Olg UTo Tfic 6Ang xol Tol eipnuévou TuRuaToC
TEPLEYOUEVR dpVoywViw xal T dno ol Aoimol turuotog
TETPAYOVE).

B

I

A N E

Eddeta ydp tic | AB tetpiodw, dc étuyey, xota to I
onueiov: Aéyw, 6t ta ano v AB, BI' tetpdywva loa €0l
16 te dlg Uno t@v AB, BI nepleyouéve opdoywviw xal té
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Proposition 77

If a straight-line is cut at random then the sum of
the squares on the whole (straight-line), and one of the
pieces (of the straight-line), is equal to twice the rectan-
gle contained by the whole, and the said piece, and the
square on the remaining piece.

A C B
L.

H kA —1F

D N E

For let any straight-line AB have been cut, at random,
at point C. I say that the (sum of the) squares on AB and
BC is equal to twice the rectangle contained by AB and



Y TOIXEION B

ELEMENTS BOOK 2

ano tfic I'A tetpay®ve.

Avayeypdpdw yap dno tfic AB tetpdywvov 10 AAEB-
xail xotayeypdpin o oyfjua.

‘Enel oliv loov o1l 10 AH 6 HE, xowov npooxeiotn
10 I'Z- 6hov dpa 10 AZ 6he 16 T'E Toov éotiv: td dpa
AZ, TE duthdotd ot tob AZ. dia to AZ, TE 6 KAM
goTl Yvouwy xol 1o I'Z tetpdywvov: 6 KAM 8pa yvouwmy
xoll 10 I'Z dimhdoid éott To AZ. Eott 8¢ ol AZ dinhdolov
xal to Slc Unod v AB, BI™ Torn yap | BZ tfj BI™ 6 dpa
KAM yvépwy xal 10 I'Z tetpdywvov Toov éotl 16 Sic U
v AB, BI'. xowov npooxeicdw 10 AH, 6 éotv dno tiic
AT tetpdywvov: 6 8pa KAM yvoduwyv xot t¢ BH, HA
tetpdywva too otl 16 e dig Uno ey AB, BI' nepieyopéve
opYoymvie xol w6 dno tiic AT tetpaydve. dis 6 KAM
yvoumy xol o BH, HA tetpdywvo 6hov éoti 16 AAEB xai
10 I'Z, & éotwv ano tév AB, BT tetpdywvar té dpa dnd tév
AB, BT tetpdywva loa éoti 16 [te] dic Unod tév AB, BT
TEPLEYOUEVR 6pdoywview uetd ol dnod tiic AL tetpaywvou.

‘Edav dpa evldela ypauun tundf], oc E€tuyev, 1o &no
tfic OANg xal TO P’ EVOC TEV TUNUATWY TA CUVOUPOTERX
tetpdywva foa €otl ¢ Te dlic LWO Thic 6Ang xol ToU
elpnuévou TuAuaToc mepleyouéve dptoywviw xal T Ao
toU hotnol tuAuaToC TeTpay Ve Onep Edel BETEaL.

BC, and the square on C'A.

For let the square ADE B have been described on AB
[Prop. 1.46], and let the (rest of) the figure have been
drawn.

Therefore, since (rectangle) AG is equal to (rectan-
gle) GE [Prop. 1.43], let the (square) C'F have been
added to both. Thus, the whole (rectangle) AF' is equal
to the whole (rectangle) CE. Thus, (rectangle) AF plus
(rectangle) C'FE is double (rectangle) AF. But, (rectan-
gle) AF plus (rectangle) C'F is the gnomon K LM, and
the square C'F. Thus, the gnomon K LM, and the square
CF, is double the (rectangle) AF. But double the (rect-
angle) AF is also twice the (rectangle contained) by AB
and BC. For BF (is) equal to BC. Thus, the gnomon
K LM, and the square C'F, are equal to twice the (rect-
angle contained) by AB and BC. Let DG, which is
the square on AC, have been added to both. Thus, the
gnomon K LM, and the squares BG and GD, are equal
to twice the rectangle contained by AB and BC, and the
square on AC. But, the gnomon K LM and the squares
BG and GD is (equivalent to) the whole of ADFEB and
CF, which are the squares on AB and BC' (respectively).
Thus, the (sum of the) squares on AB and BC is equal
to twice the rectangle contained by AB and BC, and the
square on AC.

Thus, if a straight-line is cut at random then the sum
of the squares on the whole (straight-line), and one of
the pieces (of the straight-line), is equal to twice the rect-
angle contained by the whole, and the said piece, and the
square on the remaining piece. (Which is) the very thing
it was required to show.

T This proposition is a geometric version of the algebraic identity: (a + b)? 4+ a? = 2 (a + b) a + b>.

n.

‘Edv e0dcta yoopuun tundf], og étuyey, to teTedNg UTo
tfic 6Ang %ol EVOC TEV TUNUATWY TEPLEYOUEVOY OpToymVIoY
petd tod dmo tol Aownol tuApatoc TeTpaydvou ooy ol
6 and te tfic 6Ang xal tob eipnuévou tuAuaTOC GO Ao
WLBIS VALY PAPEVTL TETPAY V.

Eddeta ydp tic § AB tetuiodw, dg Etuyev, xatd to
I' onuetov: Myw, 6t 10 tetpdne Ond v AB, BIN ne-
plexopevoy oploymviov petd tob dno tijic AN tetpaywvou
loov €oti 16 ano tfic AB, BI' &¢ ano wdc dvaypopévtt
TETPAYOVE).

Expefrioto yap en’ eddeloc [tfj AB e0dela] /) BA,
xal xeloVw tfj I'B Ton | BA, xol dvayeypdgdn dnod tiic
AA tetpdywvoy 10 AEZA, xol xatoryeypd@de dimholy 1o
oxfpo.

Proposition 8f

If a straight-line is cut at random then four times the
rectangle contained by the whole (straight-line), and one
of the pieces (of the straight-line), plus the square on the
remaining piece, is equal to the square described on the
whole and the former piece, as on one (complete straight-
line).

For let any straight-line AB have been cut, at random,
at point C. I say that four times the rectangle contained
by AB and BC, plus the square on AC, is equal to the
square described on AB and BC, as on one (complete
straight-line).

For let BD have been produced in a straight-line
[with the straight-line AB], and let BD be made equal
to C'B [Prop. 1.3], and let the square AEF'D have been
described on AD [Prop. 1.46], and let the (rest of the)
figure have been drawn double.

o7
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Tpay@vou foov éoTl ¢ ano Tiic AA, TouTtéoTt 6 Ao Tiic
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‘Edv Gpa evdelo ypaupt tundi, dg Etuyey, T0 TeTRdNIC
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VIOV UeTd ToD dno tol hotnol tufpatog TeTpaydvou ioou
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Therefore, since C'B is equal to BD, but CB is equal
to GK [Prop. 1.34], and BD to KN [Prop. 1.34], GK is
thus also equal to K'N. So, for the same (reasons), QR is
equal to RP. And since BC is equal to BD, and GK to
KN, (square) CK is thus also equal to (square) K D, and
(square) GR to (square) RN [Prop. 1.36]. But, (square)
CK is equal to (square) RN. For (they are) comple-
ments in the parallelogram CP [Prop. 1.43]. Thus,
(square) KD is also equal to (square) GR. Thus, the
four (squares) DK, CK, GR, and RN are equal to one
another. Thus, the four (taken together) are quadruple
(square) CK. Again, since CB is equal to BD, but BD
(is) equal to BK—that is to say, CG—and CB is equal
to G K—that is to say, GQ—CG is thus also equal to GQ.
And since CG is equal to GQ, and QR to RP, (rectan-
gle) AG is also equal to (rectangle) M@, and (rectangle)
QL to (rectangle) RF [Prop. 1.36]. But, (rectangle) MQ
is equal to (rectangle) QL. For (they are) complements
in the parallelogram M L [Prop. 1.43]. Thus, (rectangle)
AG is also equal to (rectangle) RF'. Thus, the four (rect-
angles) AG, M(Q, QL, and RF are equal to one another.
Thus, the four (taken together) are quadruple (rectan-
gle) AG. And it was also shown that the four (squares)
CK, KD, GR, and RN (taken together are) quadruple
(square) CK. Thus, the eight (figures taken together),
which comprise the gnomon STU, are quadruple (rect-
angle) AK. And since AK is the (rectangle contained)
by AB and BD, for BK (is) equal to BD, four times the
(rectangle contained) by AB and BD is quadruple (rect-
angle) AK. But the gnomon STU was also shown (to
be equal to) quadruple (rectangle) AK. Thus, four times
the (rectangle contained) by AB and BD is equal to the
gnomon STU. Let OH, which is equal to the square on
AC, have been added to both. Thus, four times the rect-
angle contained by AB and BD, plus the square on AC,
is equal to the gnomon ST'U, and the (square) OH. But,
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gotl 16 and te tfic OAng xal Tol elpnuévou TUAHATOS GOC
Amo WLlic GvorypaPEVTL TETEAY WV dnep Edel Betlot.

the gnomon STU and the (square) OH is (equivalent to)
the whole square AEF D, which is on AD. Thus, four
times the (rectangle contained) by AB and BD, plus the
(square) on AC, is equal to the square on AD. And BD
(is) equal to BC. Thus, four times the rectangle con-
tained by AB and BC, plus the square on AC, is equal to
the (square) on AD, that is to say the square described
on AB and BC, as on one (complete straight-line).

Thus, if a straight-line is cut at random then four times
the rectangle contained by the whole (straight-line), and
one of the pieces (of the straight-line), plus the square
on the remaining piece, is equal to the square described
on the whole and the former piece, as on one (complete
straight-line). (Which is) the very thing it was required
to show.

T This proposition is a geometric version of the algebraic identity: 4 (a + b) a + b% = [(a + b) + a]?.

V.

‘Edav ebdeio ypouun tundf] eic oo xal &vico, ta dmo
Y avicwv Tfic 6Anc TUNUTLY TETEdYwva BITAdoLd €0t
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EB, »oi 81& yev 100 A tfj EI' napdhiniog fiydw 1 AZ, di&
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¢otiv | Al tfj I'E, Ton éoti xai 7 Uno EAT yovio tfj Ono
AET. xol émel 6p01) €éotv 1) mpog @ I', hourwod Gpor ol OO
EAT, AED wa 6p0f loaw eiolv: xai eiow loou Auloeia dpa
6p0fic Eotv Exatépa ey no 'EA, TAE. dla t& adtda o
xal exatépa ey o EB, EBI fuiceid éotv 6pdiic: 6An
Gpa 1) bno AEB 6p01 éottv. ol énel ) Uno HEZ fuloeid
gotwv 6p0ic, 6p0n 8¢ 1 bno EHZ: Ton ydp ot Tf] €vtog xol
anevavtiov tf] bno EI'B- Aounn Gpa 1 Uno EZH fuiceld oty
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Proposition 97

If a straight-line is cut into equal and unequal (pieces)
then the (sum of the) squares on the unequal pieces of the
whole (straight-line) is double the (sum of the) square
on half (the straight-line) and (the square) on the (dif-
ference) between the (equal and unequal) pieces.

E

A C D B

For let any straight-line AB have been cut—equally at
C, and unequally at D. I say that the (sum of the) squares
on AD and DB is double the (sum of the squares) on AC
and CD.

For let CE have been drawn from (point) C, at right-
angles to AB [Prop. 1.11], and let it be made equal to
each of AC and CB [Prop. 1.3], and let £A and EB
have been joined. And let DF have been drawn through
(point) D, parallel to EC [Prop. 1.31], and (let) FG
(have been drawn) through (point) F, (parallel) to AB
[Prop. 1.31]. And let AF have been joined. And since
AC is equal to C'E, the angle FAC is also equal to the
(angle) AEC [Prop. 1.5]. And since the (angle) at C' is
a right-angle, the (sum of the) remaining angles (of tri-
angle AEC), EAC and AFEC, is thus equal to one right-
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tfj FA* 16 8pa dno tfic EZ Sinhdoidv eoti 100 dno tfic TA.
got 8¢ xol 0 ano tijic EA dunhdotov tob dno tiic AT ta
Gpa amo eV AE, EZ tetpdywve SinAdold EoTt T&Y Ao TéV
AT, TA tetpaydvwy. tolc 8¢ dnd tév AE, EZ Toov éoti
T0 ano tiic AZ tetpdywvov 6pdN Ydp €otwv f o AEZ
yovior 10 dpa ano tfic AZ teTpdywvov BITAGoLOY EoTL TEY
ano wasv Al TA. 16 8¢ dno tfic AZ loa t& ano v AA,
A7 6p07 yap 1 teog 6 A ywviar T dpat o tév AA, AZ
dimhdotd Eott @V ano v AT, TA tetpoydvwy. on 8¢ 7
AZ fy AB- ta& 8po dno t@v AA, AB tetpdywva Simhdotd
got @V ano v AL, TA tetpdydvwy.
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ToU te dnod Tijc Nuioelog xal Tol dnd Tiic YeTall TEHY ToUBV
TETPAYVOU" ETER EDEL DETE L.

angle [Prop. 1.32]. And they are equal. Thus, (angles)
CEA and CAF are each half a right-angle. So, for the
same (reasons), (angles) CEB and EBC are also each
half a right-angle. Thus, the whole (angle) AEB is a
right-angle. And since GEF is half a right-angle, and
EGF (is) a right-angle—for it is equal to the internal and
opposite (angle) EC B [Prop. 1.29]—the remaining (an-
gle) EFG is thus half a right-angle [Prop. 1.32]. Thus,
angle GEF [is] equal to EFG. So the side EG is also
equal to the (side) GF [Prop. 1.6]. Again, since the an-
gle at B is half a right-angle, and (angle) FDB (is) a
right-angle—for again it is equal to the internal and op-
posite (angle) EC' B [Prop. 1.29]—the remaining (angle)
BF D is half a right-angle [Prop. 1.32]. Thus, the angle at
B (is) equal to DF B. So the side F'D is also equal to the
side DB [Prop. 1.6]. And since AC is equal to C'E, the
(square) on AC (is) also equal to the (square) on CFE.
Thus, the (sum of the) squares on AC and CF is dou-
ble the (square) on AC. And the square on F'A is equal
to the (sum of the) squares on AC and CE. For angle
ACE (is) a right-angle [Prop. 1.47]. Thus, the (square)
on FA is double the (square) on AC. Again, since EG
is equal to GF, the (square) on EG (is) also equal to
the (square) on GF. Thus, the (sum of the squares) on
EG and GF is double the square on GF'. And the square
on EF is equal to the (sum of the) squares on EG and
GF [Prop. 1.47]. Thus, the square on EF is double the
(square) on GF. And GF' (is) equal to CD [Prop. 1.34].
Thus, the (square) on E'F' is double the (square) on C'D.
And the (square) on E A is also double the (square) on
AC. Thus, the (sum of the) squares on AE and EF is
double the (sum of the) squares on AC and C'D. And
the square on AF is equal to the (sum of the squares)
on AE and EF. For the angle AFEF is a right-angle
[Prop. 1.47]. Thus, the square on AF' is double the (sum
of the squares) on AC and C'D. And the (sum of the
squares) on AD and DF (is) equal to the (square) on
AF. For the angle at D is a right-angle [Prop. 1.47].
Thus, the (sum of the squares) on AD and DF is double
the (sum of the) squares on AC and CD. And DF (is)
equal to DB. Thus, the (sum of the) squares on AD and
DB is double the (sum of the) squares on AC and CD.
Thus, if a straight-line is cut into equal and unequal
(pieces) then the (sum of the) squares on the unequal
pieces of the whole (straight-line) is double the (sum of
the) square on half (the straight-line) and (the square) on
the (difference) between the (equal and unequal) pieces.
(Which is) the very thing it was required to show.

T This proposition is a geometric version of the algebraic identity: a? + b2 = 2[([a + b]/2)2 + ([a + b]/2 — b)?].
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elc mapariroug ebdeiog tag EI', ZA eddeld tic événeoey
N EZ, oi Ono I'EZ, EZA 8po ducly 6ploic loo eiolv: ai
Gpa Uno ZEB, EZA 800 6pd&v éNdocovée elowv: ol O
an’ Ehaco6vwy 1) dbo 6p¥ESY ExBoaihdueval cupninTouoty:
al Gpa EB, ZA éxBodibuevon éml td B, A péen ouvy-
necobvtan. ExPePriodwony xal cuumintétwooy xata o H,
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mhevpd tfj EZ éonv Ton. xal énel [lon éotiv 1} ET' tfj TA],
{oov éotl [xol] T0 anod tiic EI' tetpdywvov 16 dnod tfic TA

Proposition 107

If a straight-line is cut in half, and any straight-line
added to it straight-on, then the sum of the square on
the whole (straight-line) with the (straight-line) having
been added, and the (square) on the (straight-line) hav-
ing been added, is double the (sum of the square) on half
(the straight-line), and the square described on the sum
of half (the straight-line) and (straight-line) having been
added, as on one (complete straight-line).

E F

C B D

G

For let any straight-line AB have been cut in half at
(point) C, and let any straight-line BD have been added
to it straight-on. I say that the (sum of the) squares on
AD and DB is double the (sum of the) squares on AC
and CD.

For let CFE have been drawn from point C, at right-
angles to AB [Prop. 1.11], and let it be made equal to
each of AC and CB [Prop. 1.3], and let FA and E'B have
been joined. And let EF have been drawn through F,
parallel to AD [Prop. 1.31], and let F'D have been drawn
through D, parallel to CE [Prop. 1.31]. And since some
straight-line E'F falls across the parallel straight-lines EC'
and FD, the (internal angles) CEF and EFD are thus
equal to two right-angles [Prop. 1.29]. Thus, FFEB and
EFD are less than two right-angles. And (straight-lines)
produced from (internal angles whose sum is) less than
two right-angles meet together [Post. 5]. Thus, being pro-
duced in the direction of B and D, the (straight-lines)
EB and FD will meet. Let them have been produced,
and let them meet together at GG, and let AG have been
joined. And since AC is equal to CE, angle EAC is also
equal to (angle) AEC [Prop. 1.5]. And the (angle) at
C (is) a right-angle. Thus, FAC and AEC [are] each
half a right-angle [Prop. 1.32]. So, for the same (rea-
sons), CEB and EBC are also each half a right-angle.
Thus, (angle) AEB is a right-angle. And since EBC
is half a right-angle, DBG (is) thus also half a right-
angle [Prop. 1.15]. And BDG is also a right-angle. For
it is equal to DCE. For (they are) alternate (angles)
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[Prop. 1.29]. Thus, the remaining (angle) DGB is half
a right-angle. Thus, DGB is equal to DBG. So side BD
is also equal to side GD [Prop. 1.6]. Again, since EGF is
half a right-angle, and the (angle) at F' (is) a right-angle,
for it is equal to the opposite (angle) at C' [Prop. 1.34],
the remaining (angle) FEG is thus half a right-angle.
Thus, angle EGF' (is) equal to FEG. So the side GF
is also equal to the side E'F' [Prop. 1.6]. And since [EC
is equal to C'A] the square on EC is [also] equal to the
square on C'A. Thus, the (sum of the) squares on EC
and CA is double the square on C'A. And the (square)
on FA is equal to the (sum of the squares) on FC and
CA [Prop. 1.47]. Thus, the square on F A is double the
square on AC. Again, since F'G is equal to EF, the
(square) on F'G is also equal to the (square) on FE.
Thus, the (sum of the squares) on GF and FF is dou-
ble the (square) on EF'. And the (square) on EG is equal
to the (sum of the squares) on GF' and F'E [Prop. 1.47].
Thus, the (square) on EG is double the (square) on FF.
And E'F (is) equal to C'D [Prop. 1.34]. Thus, the square
on EG is double the (square) on C'D. But it was also
shown that the (square) on F'A (is) double the (square)
on AC. Thus, the (sum of the) squares on AE and EG is
double the (sum of the) squares on AC and C'D. And the
square on AG is equal to the (sum of the) squares on AE
and EG [Prop. 1.47]. Thus, the (square) on AG is double
the (sum of the squares) on AC and C'D. And the (sum
of the squares) on AD and DG is equal to the (square)
on AG [Prop. 1.47]. Thus, the (sum of the) [squares] on
AD and DG is double the (sum of the) [squares] on AC
and CD. And DG (is) equal to DB. Thus, the (sum of
the) [squares] on AD and DB is double the (sum of the)
squares on AC and CD.

Thus, if a straight-line is cut in half, and any straight-
line added to it straight-on, then the sum of the square
on the whole (straight-line) with the (straight-line) hav-
ing been added, and the (square) on the (straight-line)
having been added, is double the (sum of the square) on
half (the straight-line), and the square described on the
sum of half (the straight-line) and (straight-line) having
been added, as on one (complete straight-line). (Which
is) the very thing it was required to show.

T This proposition is a geometric version of the algebraic identity: (2 a + b)? 4+ b2 = 2[a® + (a + b)?].

’
.

T7yv Sodclooav eddelay tepelv dote 16 Onod Tic GANG ol
ol €tépou AV TuNUdTLY TEpiEydpevoY 6ploynviov ooy
glvar T and Tob Aotmol TUAUATOS TETPAYWOVE.

Proposition 117

To cut a given straight-line such that the rectangle
contained by the whole (straight-line), and one of the
pieces (of the straight-line), is equal to the square on the
remaining piece.
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Let AB be the given straight-line. So it is required to
cut AB such that the rectangle contained by the whole
(straight-line), and one of the pieces (of the straight-
line), is equal to the square on the remaining piece.

For let the square ABDC have been described on AB
[Prop. 1.46], and let AC have been cut in half at point
E [Prop. 1.10], and let BE have been joined. And let
C A have been drawn through to (point) F, and let EF
be made equal to BE [Prop. 1.3]. And let the square
F'H have been described on AF' [Prop. 1.46], and let GH
have been drawn through to (point) K. I say that AB has
been cut at H such as to make the rectangle contained by
AB and BH equal to the square on AH.

For since the straight-line AC' has been cut in half at
E, and F'A has been added to it, the rectangle contained
by CF and F'A, plus the square on AFE, is thus equal to
the square on E'F [Prop. 2.6]. And EF (is) equal to EB.
Thus, the (rectangle contained) by CF and F A, plus the
(square) on AF, is equal to the (square) on FB. But,
the (sum of the squares) on BA and AFE is equal to the
(square) on E'B. For the angle at A (is) a right-angle
[Prop. 1.47]. Thus, the (rectangle contained) by C'F and
FA, plus the (square) on AFE, is equal to the (sum of
the squares) on BA and AFE. Let the square on AE have
been subtracted from both. Thus, the remaining rectan-
gle contained by CF and F A is equal to the square on
AB. And FK is the (rectangle contained) by CF and
FA. For AF (is) equal to F'G. And AD (is) the (square)
on AB. Thus, the (rectangle) F'K is equal to the (square)
AD. Let (rectangle) AK have been subtracted from both.
Thus, the remaining (square) F'H is equal to the (rectan-
gle) HD. And HD is the (rectangle contained) by AB
and BH. For AB (is) equal to BD. And FH (is) the
(square) on AH. Thus, the rectangle contained by AB
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and BH is equal to the square on H A.

Thus, the given straight-line AB has been cut at
(point) H such as to make the rectangle contained by
AB and BH equal to the square on HA. (Which is) the
very thing it was required to do.

T This manner of cutting a straight-line—so that the ratio of the whole to the larger piece is equal to the ratio of the larger to the smaller piece—is

sometimes called the “Golden Section”.
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Proposition 127

In obtuse-angled triangles, the square on the side sub-
tending the obtuse angle is greater than the (sum of the)
squares on the sides containing the obtuse angle by twice
the (rectangle) contained by one of the sides around the
obtuse angle, to which a perpendicular (straight-line)
falls, and the (straight-line) cut off outside (the triangle)
by the perpendicular (straight-line) towards the obtuse
angle.

B

D A C

Let ABC be an obtuse-angled triangle, having the an-
gle BAC obtuse. And let BD be drawn from point B,
perpendicular to C'A produced [Prop. 1.12]. I say that
the square on BC' is greater than the (sum of the) squares
on BA and AC, by twice the rectangle contained by C'A
and AD.

For since the straight-line C'D has been cut, at ran-
dom, at point A, the (square) on DC is thus equal to
the (sum of the) squares on CA and AD, and twice the
rectangle contained by CA and AD [Prop. 2.4]. Let the
(square) on D B have been added to both. Thus, the (sum
of the squares) on CD and DB is equal to the (sum of
the) squares on CA, AD, and DB, and twice the [rect-
angle contained] by C'A and AD. But, the (square) on
CB is equal to the (sum of the squares) on CD and DB.
For the angle at D (is) a right-angle [Prop. 1.47]. And
the (square) on AB (is) equal to the (sum of the squares)
on AD and DB [Prop. 1.47]. Thus, the square on C'B
is equal to the (sum of the) squares on CA and AB, and
twice the rectangle contained by CA and AD. So the
square on CB is greater than the (sum of the) squares on
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CA and AB by twice the rectangle contained by C' A and
AD.

Thus, in obtuse-angled triangles, the square on the
side subtending the obtuse angle is greater than the (sum
of the) squares on the sides containing the obtuse an-
gle by twice the (rectangle) contained by one of the
sides around the obtuse angle, to which a perpendicu-
lar (straight-line) falls, and the (straight-line) cut off out-
side (the triangle) by the perpendicular (straight-line) to-
wards the obtuse angle. (Which is) the very thing it was
required to show.

T This proposition is equivalent to the well-known cosine formula: BC'2 = AB2 + AC'2 — 2 AB AC cos BAC, since cos BAC = —AD/AB.
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Proposition 137

In acute-angled triangles, the square on the side sub-
tending the acute angle is less than the (sum of the)
squares on the sides containing the acute angle by twice
the (rectangle) contained by one of the sides around the
acute angle, to which a perpendicular (straight-line) falls,
and the (straight-line) cut off inside (the triangle) by the
perpendicular (straight-line) towards the acute angle.

A

B D C

Let ABC be an acute-angled triangle, having the an-
gle at (point) B acute. And let AD have been drawn from
point A, perpendicular to BC [Prop. 1.12]. I say that the
square on AC is less than the (sum of the) squares on
CB and BA, by twice the rectangle contained by C'B and
BD.

For since the straight-line C'B has been cut, at ran-
dom, at (point) D, the (sum of the) squares on C'B and
BD is thus equal to twice the rectangle contained by C'B
and BD, and the square on DC [Prop. 2.7]. Let the
square on D A have been added to both. Thus, the (sum
of the) squares on CB, BD, and DA is equal to twice
the rectangle contained by CB and BD, and the (sum of
the) squares on AD and DC. But, the (square) on AB
(is) equal to the (sum of the squares) on BD and DA.
For the angle at (point) D is a right-angle [Prop. 1.47].
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And the (square) on AC' (is) equal to the (sum of the
squares) on AD and DC [Prop. 1.47]. Thus, the (sum of
the squares) on C'B and BA is equal to the (square) on
AC, and twice the (rectangle contained) by CB and BD.
So the (square) on AC alone is less than the (sum of the)
squares on C'B and B A by twice the rectangle contained
by CB and BD.

Thus, in acute-angled triangles, the square on the side
subtending the acute angle is less than the (sum of the)
squares on the sides containing the acute angle by twice
the (rectangle) contained by one of the sides around the
acute angle, to which a perpendicular (straight-line) falls,
and the (straight-line) cut off inside (the triangle) by
the perpendicular (straight-line) towards the acute angle.
(Which is) the very thing it was required to show.

T This proposition is equivalent to the well-known cosine formula: AC2? = AB?2 4+ BC? — 2 AB BC cos ABC, since cos ABC = BD/AB.
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Proposition 14

To construct a square equal to a given rectilinear fig-
ure.

H
E

B & F

C D

Let A be the given rectilinear figure. So it is required
to construct a square equal to the rectilinear figure A.

For let the right-angled parallelogram BD, equal to
the rectilinear figure A, have been constructed [Prop.
1.45]. Therefore, if BE is equal to E D then that (which)
was prescribed has taken place. For the square BD, equal
to the rectilinear figure A, has been constructed. And if
not, then one of the (straight-lines) BE or ED is greater
(than the other). Let BE be greater, and let it have
been produced to F, and let EF be made equal to ED
[Prop. 1.3]. And let BF have been cut in half at (point)
G [Prop. 1.10]. And, with center G, and radius one of
the (straight-lines) GB or GF, let the semi-circle BHF
have been drawn. And let DFE have been produced to H,
and let GH have been joined.

Therefore, since the straight-line BF' has been cut—
equally at GG, and unequally at F—the rectangle con-
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tained by BE and EF, plus the square on EG, is thus
equal to the square on GF' [Prop. 2.5]. And GF' (is) equal
to GH. Thus, the (rectangle contained) by BE and F'F,
plus the (square) on GE, is equal to the (square) on GH.
And the (sum of the) squares on HE and EG is equal to
the (square) on GH [Prop. 1.47]. Thus, the (rectangle
contained) by BE and EF, plus the (square) on GF, is
equal to the (sum of the squares) on HE and EG. Let
the square on GE have been taken from both. Thus, the
remaining rectangle contained by BE and EF is equal to
the square on EFH. But, BD is the (rectangle contained)
by BE and EF. For EF (is) equal to ED. Thus, the par-
allelogram BD is equal to the square on HE. And BD
(is) equal to the rectilinear figure A. Thus, the rectilin-
ear figure A is also equal to the square (which) can be
described on FH.

Thus, a square—(namely), that (which) can be de-
scribed on £ H—has been constructed, equal to the given
rectilinear figure A. (Which is) the very thing it was re-
quired to do.
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Definitions

1. Equal circles are (circles) whose diameters are
equal, or whose (distances) from the centers (to the cir-
cumferences) are equal (i.e., whose radii are equal).

2. A straight-line said to touch a circle is any (straight-
line) which, meeting the circle and being produced, does
not cut the circle.

3. Circles said to touch one another are any (circles)
which, meeting one another, do not cut one another.

4. In a circle, straight-lines are said to be equally far
from the center when the perpendiculars drawn to them
from the center are equal.

5. And (that straight-line) is said to be further (from
the center) on which the greater perpendicular falls
(from the center).

6. A segment of a circle is the figure contained by a
straight-line and a circumference of a circle.

7. And the angle of a segment is that contained by a
straight-line and a circumference of a circle.

8. And the angle in a segment is the angle contained
by the joined straight-lines, when any point is taken on
the circumference of a segment, and straight-lines are
joined from it to the ends of the straight-line which is
the base of the segment.

9. And when the straight-lines containing an angle
cut off some circumference, the angle is said to stand
upon that (circumference).

10. And a sector of a circle is the figure contained by
the straight-lines surrounding an angle, and the circum-
ference cut off by them, when the angle is constructed at
the center of a circle.

11. Similar segments of circles are those accepting
equal angles, or in which the angles are equal to one an-
other.

Proposition 1

To find the center of a given circle.

Let ABC be the given circle. So it is required to find
the center of circle ABC.

Let some straight-line AB have been drawn through
(ABC), at random, and let (AB) have been cut in half at
point D [Prop. 1.9]. And let DC have been drawn from
D, at right-angles to AB [Prop. 1.11]. And let (C'D) have
been drawn through to E. And let CF have been cut in
half at F' [Prop. 1.9]. I say that (point) F is the center of
the [circle] ABC.

For (if) not then, if possible, let G (be the center of the
circle), and let GA, GD, and G B have been joined. And
since AD is equal to DB, and DG (is) common, the two
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(straight-lines) AD, DG are equal to the two (straight-
lines) BD, DG, respectively. And the base G A is equal
to the base GB. For (they are both) radii. Thus, angle
ADG is equal to angle GDB [Prop. 1.8]. And when a
straight-line stood upon (another) straight-line make ad-
jacent angles (which are) equal to one another, each of
the equal angles is a right-angle [Def. 1.10]. Thus, GDB
is a right-angle. And F DB is also a right-angle. Thus,
FDB (is) equal to GDB, the greater to the lesser. The
very thing is impossible. Thus, (point) G is not the center
of the circle ABC'. So, similarly, we can show that neither
is any other (point) except F.

C

D

E
Thus, point F is the center of the [circle] ABC.

Corollary

So, from this, (it is) manifest that if any straight-line
in a circle cuts any (other) straight-line in half, and at
right-angles, then the center of the circle is on the for-
mer (straight-line). — (Which is) the very thing it was
required to do.

Proposition 2

If two points are taken at random on the circumfer-
ence of a circle then the straight-line joining the points
will fall inside the circle.

Let ABC be a circle, and let two points A and B have
been taken at random on its circumference. I say that the
straight-line joining A to B will fall inside the circle.

For (if) not then, if possible, let it fall outside (the
circle), like AEB (in the figure). And let the center of
the circle ABC have been found [Prop. 3.1], and let it be
(at point) D. And let DA and DB have been joined, and
let DFE have been drawn through.

Therefore, since DA is equal to DB, the angle DAFE
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(is) thus also equal to DBFE [Prop. 1.5]. And since in tri-
angle DAE the one side, AEB, has been produced, an-
gle DEB (is) thus greater than DAF [Prop. 1.16]. And
DAEFE (is) equal to DBE [Prop. 1.5]. Thus, DEB (is)
greater than DBE. And the greater angle is subtended
by the greater side [Prop. 1.19]. Thus, DB (is) greater
than DE. And DB (is) equal to DF. Thus, DF (is)
greater than DF, the lesser than the greater. The very
thing is impossible. Thus, the straight-line joining A to
B will not fall outside the circle. So, similarly, we can
show that neither (will it fall) on the circumference itself.
Thus, (it will fall) inside (the circle).

E B
Thus, if two points are taken at random on the cir-
cumference of a circle then the straight-line joining the
points will fall inside the circle. (Which is) the very thing
it was required to show.

Proposition 3

In a circle, if any straight-line through the center cuts
in half any straight-line not through the center then it
also cuts it at right-angles. And (conversely) if it cuts it
at right-angles then it also cuts it in half.

Let ABC be a circle, and, within it, let some straight-
line through the center, C'D, cut in half some straight-line
not through the center, AB, at the point F. I say that
(C'D) also cuts (AB) at right-angles.

For let the center of the circle ABC have been found
[Prop. 3.1], and let it be (at point) F, and let FA and
E'B have been joined.

And since AF is equal to F'B, and F'F (is) common,
two (sides of triangle AF'FE) [are] equal to two (sides of
triangle BF'E). And the base E A (is) equal to the base
EB. Thus, angle AF'E is equal to angle BF'E [Prop. 1.8].
And when a straight-line stood upon (another) straight-
line makes adjacent angles (which are) equal to one an-
other, each of the equal angles is a right-angle [Def. 1.10].
Thus, AFE and BFE are each right-angles. Thus, the
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(straight-line) C'D, which is through the center and cuts
in half the (straight-line) AB, which is not through the
center, also cuts (AB) at right-angles.

C

D

And so let CD cut AB at right-angles. I say that it
also cuts (AB) in half. That is to say, that AF is equal to
FB.

For, with the same construction, since FA is equal
to EB, angle FAF is also equal to EBF [Prop. 1.5].
And the right-angle AF'E is also equal to the right-angle
BFE. Thus, EAF and EF B are two triangles having
two angles equal to two angles, and one side equal to
one side—(namely), their common (side) E'F, subtend-
ing one of the equal angles. Thus, they will also have the
remaining sides equal to the (corresponding) remaining
sides [Prop. 1.26]. Thus, AF (is) equal to F'B.

Thus, in a circle, if any straight-line through the cen-
ter cuts in half any straight-line not through the center
then it also cuts it at right-angles. And (conversely) if it
cuts it at right-angles then it also cuts it in half. (Which
is) the very thing it was required to show.

Proposition 4

In a circle, if two straight-lines, which are not through
the center, cut one another then they do not cut one an-
other in half.

Let ABCD be a circle, and within it, let two straight-
lines, AC and BD, which are not through the center, cut
one another at (point) E. I say that they do not cut one
another in half.

For, if possible, let them cut one another in half, such
that AF is equal to EC, and BFE to ED. And let the
center of the circle ABC'D have been found [Prop. 3.1],
and let it be (at point) F', and let F'E have been joined.

Therefore, since some straight-line through the center,
FE, cuts in half some straight-line not through the cen-
ter, AC, it also cuts it at right-angles [Prop. 3.3]. Thus,
FFEAis aright-angle. Again, since some straight-line F'E
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cuts in half some straight-line BD, it also cuts it at right-
angles [Prop. 3.3]. Thus, FEB (is) a right-angle. But
FEA was also shown (to be) a right-angle. Thus, FFA
(is) equal to FEB, the lesser to the greater. The very
thing is impossible. Thus, AC and BD do not cut one
another in half.

A
B

Thus, in a circle, if two straight-lines, which are not
through the center, cut one another then they do not cut
one another in half. (Which is) the very thing it was re-
quired to show.

Proposition 5

If two circles cut one another then they will not have
the same center.

For let the two circles ABC and C DG cut one another
at points B and C. I say that they will not have the same
center.

For, if possible, let E be (the common center), and
let EC have been joined, and let EF'G have been drawn
through (the two circles), at random. And since point
E is the center of the circle ABC, EC is equal to EF.
Again, since point F is the center of the circle CDG, EC
is equal to EG. But EC was also shown (to be) equal
to EF. Thus, EF is also equal to EG, the lesser to the
greater. The very thing is impossible. Thus, point E is not
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the (common) center of the circles ABC and CDG.

Thus, if two circles cut one another then they will not
have the same center. (Which is) the very thing it was
required to show.

Proposition 6

If two circles touch one another then they will not
have the same center.
C

A

For let the two circles ABC and C DFE touch one an-
other at point C. I say that they will not have the same
center.

For, if possible, let F' be (the common center), and
let F'C have been joined, and let F £ B have been drawn
through (the two circles), at random.

Therefore, since point F' is the center of the circle
ABC, FC is equal to FB. Again, since point F is the
center of the circle CDE, FC is equal to FE. But FC
was shown (to be) equal to F'B. Thus, F'E is also equal
to F'B, the lesser to the greater. The very thing is impos-
sible. Thus, point F' is not the (common) center of the
circles ABC and CDE.

Thus, if two circles touch one another then they will
not have the same center. (Which is) the very thing it was
required to show.

Proposition 7

If some point, which is not the center of the circle,
is taken on the diameter of a circle, and some straight-
lines radiate from the point towards the (circumference
of the) circle, then the greatest (straight-line) will be that
on which the center (lies), and the least the remainder
(of the same diameter). And for the others, a (straight-
line) nearer’ to the (straight-line) through the center is
always greater than a (straight-line) further away. And
only two equal (straight-lines) will radiate from the point
towards the (circumference of the) circle, (one) on each
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(side) of the least (straight-line).

C G

Let ABCD be a circle, and let AD be its diameter, and
let some point F', which is not the center of the circle,
have been taken on AD. Let E be the center of the circle.
And let some straight-lines, F'B, F'C, and FG, radiate
from F towards (the circumference of) circle ABCD. 1
say that F'A is the greatest (straight-line), F'D the least,
and of the others, F'B (is) greater than F'C, and F'C than
FG.

For let BE, CFE, and GE have been joined. And since
for every triangle (any) two sides are greater than the
remaining (side) [Prop. 1.20], EB and EF is thus greater
than BF'. And AF (is) equal to BFE [thus, BE and EF
is equal to AF]. Thus, AF (is) greater than BF'. Again,
since BF is equal to CF, and F'F (is) common, the two
(straight-lines) BE, EF are equal to the two (straight-
lines) CE, EF (respectively). But, angle BEF (is) also
greater than angle CEF.} Thus, the base BF is greater
than the base C'F. Thus, the base BF is greater than the
base C'F' [Prop. 1.24]. So, for the same (reasons), CF is
also greater than F'G.

Again, since GF and FFE are greater than EG
[Prop. 1.20], and EG (is) equal to ED, GF and FFE
are thus greater than ED. Let EF have been taken from
both. Thus, the remainder GF is greater than the re-
mainder F'D. Thus, F'A (is) the greatest (straight-line),
F'D the least, and F'B (is) greater than F'C, and F'C than
FG.

I also say that from point F’ only two equal (straight-
lines) will radiate towards (the circumference of) circle
ABCD, (one) on each (side) of the least (straight-line)
F'D. For let the (angle) FEH, equal to angle GEF, have
been constructed on the straight-line EF, at the point £
on it [Prop. 1.23], and let F'H have been joined. There-
fore, since GE is equal to EH, and EF (is) common,
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the two (straight-lines) GE, EF are equal to the two
(straight-lines) HE, EF (respectively). And angle GEF
(is) equal to angle HEF. Thus, the base F'G is equal to
the base FFH [Prop. 1.4]. So I say that another (straight-
line) equal to F'G will not radiate towards (the circumfer-
ence of) the circle from point F'. For, if possible, let F'K
(so) radiate. And since F'K is equal to F'G, but F'H [is
equal] to F'G, FK is thus also equal to F'H, the nearer
to the (straight-line) through the center equal to the fur-
ther away. The very thing (is) impossible. Thus, another
(straight-line) equal to GF will not radiate from the point
F towards (the circumference of) the circle. Thus, (there
is) only one (such straight-line).

Thus, if some point, which is not the center of the
circle, is taken on the diameter of a circle, and some
straight-lines radiate from the point towards the (circum-
ference of the) circle, then the greatest (straight-line)
will be that on which the center (lies), and the least
the remainder (of the same diameter). And for the oth-
ers, a (straight-line) nearer to the (straight-line) through
the center is always greater than a (straight-line) further
away. And only two equal (straight-lines) will radiate
from the same point towards the (circumference of the)
circle, (one) on each (side) of the least (straight-line).
(Which is) the very thing it was required to show.

Proposition 8

If some point is taken outside a circle, and some
straight-lines are drawn from the point to the (circum-
ference of the) circle, one of which (passes) through
the center, the remainder (being) random, then for the
straight-lines radiating towards the concave (part of the)
circumference, the greatest is that (passing) through the
center. For the others, a (straight-line) nearer’ to the
(straight-line) through the center is always greater than
one further away. For the straight-lines radiating towards
the convex (part of the) circumference, the least is that
between the point and the diameter. For the others, a
(straight-line) nearer to the least (straight-line) is always
less than one further away. And only two equal (straight-
lines) will radiate from the point towards the (circum-
ference of the) circle, (one) on each (side) of the least
(straight-line).

Let ABC be a circle, and let some point D have been
taken outside ABC, and from it let some straight-lines,
DA, DE, DF, and DC, have been drawn through (the
circle), and let DA be through the center. I say that for
the straight-lines radiating towards the concave (part of
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For let the center of the circle have been found
[Prop. 3.1], and let it be (at point) M [Prop. 3.1]. And let
ME, MF, MC, MK, ML, and M H have been joined.

And since AM is equal to EM, let M D have been
added to both. Thus, AD is equal to EM and M D. But,
EM and MD is greater than ED [Prop. 1.20]. Thus,
AD is also greater than E'D. Again, since M E is equal
to MF, and M D (is) common, the (straight-lines) EM,
M D are thus equal to FM, MD. And angle EMD is
greater than angle F'M D.* Thus, the base ED is greater
than the base F'D [Prop. 1.24]. So, similarly, we can
show that F'D is also greater than C'D. Thus, AD (is) the
greatest (straight-line), and DF (is) greater than DF,
and DF than DC.

And since M K and KD is greater than M D [Prop.
1.20], and MG (is) equal to MK, the remainder KD
is thus greater than the remainder GD. So GD is less
than K'D. And since in triangle M LD, the two inter-
nal straight-lines M K and K D were constructed on one
of the sides, M D, then M K and KD are thus less than
ML and LD [Prop. 1.21]. And MK (is) equal to M L.
Thus, the remainder DK is less than the remainder DL.
So, similarly, we can show that DL is also less than DH.
Thus, DG (is) the least (straight-line), and DK (is) less
than DL, and DL than DH.

I also say that only two equal (straight-lines) will radi-
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ate from point D towards (the circumference of) the cir-
cle, (one) on each (side) on the least (straight-line), DG.
Let the angle DM B, equal to angle KM D, have been
constructed on the straight-line M D, at the point M on
it [Prop. 1.23], and let DB have been joined. And since
MK is equal to M B, and M D (is) common, the two
(straight-lines) K M, M D are equal to the two (straight-
lines) BM, MD, respectively. And angle KM D (is)
equal to angle BM D. Thus, the base DK is equal to the
base DB [Prop. 1.4]. [So] I say that another (straight-
line) equal to DK will not radiate towards the (circum-
ference of the) circle from point D. For, if possible, let
(such a straight-line) radiate, and let it be DN. There-
fore, since DK is equal to DN, but DK is equal to DB,
then DB is thus also equal to DN, (so that) a (straight-
line) nearer to the least (straight-line) DG [is] equal to
one further away. The very thing was shown (to be) im-
possible. Thus, not more than two equal (straight-lines)
will radiate towards (the circumference of) circle ABC
from point D, (one) on each side of the least (straight-
line) DG.

Thus, if some point is taken outside a circle, and some
straight-lines are drawn from the point to the (circumfer-
ence of the) circle, one of which (passes) through the cen-
ter, the remainder (being) random, then for the straight-
lines radiating towards the concave (part of the) circum-
ference, the greatest is that (passing) through the center.
For the others, a (straight-line) nearer to the (straight-
line) through the center is always greater than one fur-
ther away. For the straight-lines radiating towards the
convex (part of the) circumference, the least is that be-
tween the point and the diameter. For the others, a
(straight-line) nearer to the least (straight-line) is always
less than one further away. And only two equal (straight-
lines) will radiate from the point towards the (circum-
ference of the) circle, (one) on each (side) of the least
(straight-line). (Which is) the very thing it was required
to show.

Proposition 9

If some point is taken inside a circle, and more than
two equal straight-lines radiate from the point towards
the (circumference of the) circle, then the point taken is
the center of the circle.

Let ABC be a circle, and D a point inside it, and let
more than two equal straight-lines, DA, DB, and DC, ra-
diate from D towards (the circumference of) circle ABC.
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I say that point D is the center of circle ABC.
L
‘L C
II G

A

K

H

For let AB and BC have been joined, and (then)
have been cut in half at points F and F' (respectively)
[Prop. 1.10]. And ED and F'D being joined, let them
have been drawn through to points G, K, H, and L.

Therefore, since AF is equal to EB, and E D (is) com-
mon, the two (straight-lines) AF, ED are equal to the
two (straight-lines) BE, ED (respectively). And the base
DA (is) equal to the base DB. Thus, angle AED is equal
to angle BED [Prop. 1.8]. Thus, angles AED and BED
(are) each right-angles [Def. 1.10]. Thus, GK cuts AB in
half, and at right-angles. And since, if some straight-line
in a circle cuts some (other) straight-line in half, and at
right-angles, then the center of the circle is on the former
(straight-line) [Prop. 3.1 corr.], the center of the circle is
thus on GK. So, for the same (reasons), the center of
circle ABC is also on H L. And the straight-lines GK and
H L have no common (point) other than point D. Thus,
point D is the center of circle ABC.

Thus, if some point is taken inside a circle, and more
than two equal straight-lines radiate from the point to-
wards the (circumference of the) circle, then the point
taken is the center of the circle. (Which is) the very thing
it was required to show.

Proposition 10

A circle does not cut a(nother) circle at more than two
points.

For, if possible, let the circle ABC cut the circle DEF
at more than two points, B, G, F, and H. And BH and
BG being joined, let them (then) have been cut in half
at points K and L (respectively). And KC and LM be-
ing drawn at right-angles to BH and BG from K and
L (respectively) [Prop. 1.11], let them (then) have been
drawn through to points A and E (respectively).
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Therefore, since in circle ABC some straight-line
AC cuts some (other) straight-line BH in half, and at
right-angles, the center of circle ABC is thus on AC
[Prop. 3.1 corr.]. Again, since in the same circle ABC
some straight-line NO cuts some (other straight-line) BG
in half, and at right-angles, the center of circle ABC is
thus on NO [Prop. 3.1 corr.]. And it was also shown (to
be) on AC. And the straight-lines AC and NO meet at
no other (point) than P. Thus, point P is the center of
circle ABC. So, similarly, we can show that P is also the
center of circle DEF. Thus, two circles cutting one an-
other, ABC and DEF, have the same center P. The very
thing is impossible [Prop. 3.5].

Thus, a circle does not cut a(nother) circle at more
than two points. (Which is) the very thing it was required
to show.

Proposition 11

If two circles touch one another internally, and their
centers are found, then the straight-line joining their cen-
ters, being produced, will fall upon the point of union of
the circles.

For let two circles, ABC and ADE, touch one another
internally at point A, and let the center F' of circle ABC
have been found [Prop. 3.1], and (the center) G of (cir-
cle) ADE [Prop. 3.1]. I say that the straight-line joining
G to F, being produced, will fall on A.

For (if) not then, if possible, let it fall like FGH (in
the figure), and let AF' and AG have been joined.

Therefore, since AG and GF is greater than F'A, that
is to say F'H [Prop. 1.20], let F'G have been taken from
both. Thus, the remainder AG is greater than the re-
mainder GH. And AG (is) equal to GD. Thus, GD is
also greater than GH, the lesser than the greater. The
very thing is impossible. Thus, the straight-line joining F’
to G will not fall outside (one circle but inside the other).
Thus, it will fall upon the point of union (of the circles)
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at point A.

H

<

C

Thus, if two circles touch one another internally, [and
their centers are found], then the straight-line joining
their centers, [being produced], will fall upon the point
of union of the circles. (Which is) the very thing it was
required to show.

Proposition 12

If two circles touch one another externally then the
(straight-line) joining their centers will go through the
point of union.

B

N

E

For let two circles, ABC and ADZFE, touch one an-
other externally at point A, and let the center F' of ABC
have been found [Prop. 3.1], and (the center) G of ADE
[Prop. 3.1]. I say that the straight-line joining F' to G will
go through the point of union at A.

For (if) not then, if possible, let it go like FCDG (in
the figure), and let AF' and AG have been joined.

Therefore, since point F is the center of circle ABC,
F A is equal to FFC. Again, since point G is the center of
circle ADE, GA is equal to GD. And F'A was also shown
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oe xal 1) ZA tfj Z1" Ton ol dpa ZA, AH tdiic ZT", HA loa
elotv: dote 6 ) ZH t6v ZA, AH pellwv éotlv: dhha xal
ENdTTOV Omep €oTlv dBUVaTov. 00X dpo 1) dno ol Z éni
10 H émlevyvuuévn ebielo did Tijc xatd 10 A énagpiic odx
gheboetan O adthic dpa.

"Edv dpa 800 x0xAol EpdmntwvTton GAAAALY EXTOC, 1) €l
& xévipa adt@v Emleuyvupévn [e0lela] By Thic énagpfic
gheboetan 6rep Edel Belou.

y'.
Kbxhoc xOxhouv obx épdmteton xatd mAelova onueia
xod” Ev, EQV TE EVTOC €4V TE EXTOC EQATTNTAL.

El yap duvatév, xOxhoc 6 ABI'A xiOxhou 1ot EBZA
gpantéodw TpdTepoV EVTog xotd TAelova onueia 1} Ev o A,
B.

Kot eidpdo 1ol uev ABT'A xdxhou xévipov 16 H, 10l
oe EBZA 16 ©.

‘H dpa dnd 1ol H énl 16 © émlevyvupévn ént & B,
A rmeogiton. mnTétw O¢ § BHOA. xal énel 10 H onueiov
xévtpov €otl 100 ABI'A xOxdou, Ton éotiv } BH tff HA-
uellwv dpa ) BH tiic ©A- noAAG dpa peilwv 1 BO tfic OA.
TaAW, €nel 10 O onuelov xévtpov €otl 100 EBZA x0xhov,
{on éotlv 1} BO ] © A+ €delydn 6¢ adtiic xal mohhE pellov:
omep GdOVATOV' 0UX dpo xOUXAOC XOXAOU EQPATTETAUL EVTOC
xotd mAelovo onuela 1) €v.

Aéyw 81, &1L 00BE Extoc.

El vap Suvatdv, xdxhoc 6 AT'K xOxhou toh ABI'A
gpantéodw Extog xatd mAelova onuelo 1} v & A, T', xal
énelelydw 7 AL

"Enel obv x0dwv tdv ABI'A; ATK elhnnton énl tfic
neplpepeiag exatépou 800 TuyovTa onueio Tt A, I', f énl
T onuela emleuyvupévn eddela Eviog Exatépou necelton
A tol pev ABTA évtog Enecev, tob de AI'K éxtéde:
omep dronov: 00X dpa xOuAog xOXAOL EQdmTETOL EXTOC XATA
mAelova onuelo 1) €v. €delydrn 8¢, 6Tl 0LBE EvTdc.

(to be) equal to FC. Thus, the (straight-lines) F'A and
AG are equal to the (straight-lines) F'C' and GD. So the
whole of F'G is greater than F'A and AG. But, (it is) also
less [Prop. 1.20]. The very thing is impossible. Thus, the
straight-line joining F' to G cannot not go through the
point of union at A. Thus, (it will go) through it.

Thus, if two circles touch one another externally then
the [straight-line] joining their centers will go through
the point of union. (Which is) the very thing it was re-
quired to show.

Proposition 13

A circle does not touch a(nother) circle at more than
one point, whether they touch internally or externally.

For, if possible, let circle ABDC'T touch circle EBF D—
first of all, internally—at more than one point, D and B.

And let the center G of circle ABDC have been found
[Prop. 3.1], and (the center) H of EBF D [Prop. 3.1].

Thus, the (straight-line) joining G and H will fall on
B and D [Prop. 3.11]. Let it fall like BGHD (in the
figure). And since point G is the center of circle ABDC,
BG is equal to GD. Thus, BG (is) greater than HD.
Thus, BH (is) much greater than H D. Again, since point
H is the center of circle EBF'D, BH is equal to HD.
But it was also shown (to be) much greater than it. The
very thing (is) impossible. Thus, a circle does not touch
a(nother) circle internally at more than one point.

So, I say that neither (does it touch) externally (at
more than one point).

For, if possible, let circle ACK touch circle ABDC
externally at more than one point, A and C. And let AC
have been joined.

Therefore, since two points, A and C, have been taken
at random on the circumference of each of the circles
ABDC and ACK, the straight-line joining the points will
fall inside each (circle) [Prop. 3.2]. But, it fell inside
ABDC, and outside ACK [Def. 3.3]. The very thing
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 The Greek text has “ABC D", which is obviously a mistake.
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Ev wixhe ol oo e0deton Toov dméyovoty dmd tob
x€vtpou, xol ol loov dméyouvcon and 100 xévipou loou

SAAAhaue elolv.
A

r
A

"Eotw xOxhoc 6 ABTA| xal &v a0t Toow edieion Eoto-
oav ol AB, TA- Méyw, 6t ol AB, T'A loov dnéyouoty anod
00 xévtpou.

EiMigdo yop 10 xévtov 100 ABI'A x0xhou xal é6tw 10
E, xai dno o0 E énl tac AB, I'A xddetol Aydwoay ai EZ,
EH, xal éneletydwoay ai AE, ET'.

"Enel obv e00€id ti¢ Sla tob xévtpou f EZ edieidy tiva
un S tob xévtpou v AB mpog opldc téuvel, xol diya
a0tV Tépvel. fon dpa N AZ tfj ZB- duthf dpa | AB tiic
AZ. 810 ta avtd 81 ol ) A tfic I'H ot Sumhf} xal €otiv
Ton 1 AB tfj A" Ton dpa xal ) AZ tfj I'H. ol énel {om €otiv
N AE tfj EI', loov xal 10 dno tfic AE & dno tfic EI'. dhha
6 uyev anod tiic AE oo ta ano w@v AZ, EZ- 6p0n yap 7
Tpo¢ T8 Z ywvior t6 8¢ anod tijc EI loo ta dno tév EH, HI™
6p01) Yap N mpoc 1@ H yovio to dpa dno tév AZ, ZE oo
¢otl toic ano tév I'H, HE, &v 10 dnd tfic AZ loov éotl 18
ano tiic I'H- Ton ydp oty /) AZ <fj TH: Aownov dpa 10 dmo
tfic ZE 16 ano tfic EH loov éotiv: Ton dpa 1) EZ <fj EH. év
8¢ wOxAw Toov anéyew anod tol xévipou evieion Aéyovta,
oty ol and tob xévtpou én” avtdc xddeTol dyduevan oo
&owv: ai dpot AB, T'A Toov dnéyovoty dnod 1ol xévtpou.

AXha on ol AB, TA edldelon loov dneyétwooy dnd tob
%x€vtpou, ToutéoTtv lon éotw N EZ tff EH. Myw, 6t Ton
goti xol ) AB tfj TA.

(is) absurd. Thus, a circle does not touch a(nother) circle
externally at more than one point. And it was shown that
neither (does it) internally.

Thus, a circle does not touch a(nother) circle at more
than one point, whether they touch internally or exter-
nally. (Which is) the very thing it was required to show.

Proposition 14

In a circle, equal straight-lines are equally far from the
center, and (straight-lines) which are equally far from the
center are equal to one another.

D

C

A

Let ABDCT be a circle, and let AB and C'D be equal
straight-lines within it. I say that AB and C D are equally
far from the center.

For let the center of circle ABDC have been found
[Prop. 3.1], and let it be (at) F. And let EF and EG
have been drawn from (point) E, perpendicular to AB
and CD (respectively) [Prop. 1.12]. And let AE and EC
have been joined.

Therefore, since some straight-line, E'F, through the
center (of the circle), cuts some (other) straight-line, AB,
not through the center, at right-angles, it also cuts it in
half [Prop. 3.3]. Thus, AF (is) equal to F'B. Thus, AB
(is) double AF'. So, for the same (reasons), C'D is also
double CG. And AB is equal to CD. Thus, AF (is)
also equal to CG. And since AFE is equal to EC, the
(square) on AFE (is) also equal to the (square) on EC.
But, the (sum of the squares) on AF and EF (is) equal
to the (square) on AE. For the angle at F' (is) a right-
angle [Prop. 1.47]. And the (sum of the squares) on EG
and GC (is) equal to the (square) on EC. For the angle
at G (is) a right-angle [Prop. 1.47]. Thus, the (sum of
the squares) on AF' and F'E is equal to the (sum of the
squares) on CG and GE, of which the (square) on AF
is equal to the (square) on C'G. For AF is equal to CG.
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T&Ev ydp adt@Bv xotaoxevocléviny opolwe dellouey,
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‘Ev x0xho peylotn yev 1 diduetpog, t@v 8¢ SAAwY del
7 €yylov 10D xévtpou tiic dncdtepov yellwy éotiv.

"Eote x0xhog 6 ABI'A, diduetpog 8¢ avtol Eotw N AA,
xévtpov O¢ 10 E, xal Eyyiov pev tiic AA Swopétpou éotw N
BT, andtepov 8¢ ) ZH: Aéyw, 6t peylotn puév éotv 1 AA,
petlwv 8¢ M BT tfic ZH.

"Hydwoav ydp anod ol E xévipou éml tac BI', ZH
x&etol ai EO, EK. xol énel Eyylov pev 100 xévtpou €otly
N BI, dnodtepov 8¢ 1 ZH, peilov dpa ) EK tfic EO. xelodw
tff EO Ton 1 EA, xal & 1ol A tf] EK npocg épdac dydelon
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Um0 MEN yowviog tfic bnd ZEH peilov [Eotiv], Bdowc dpu
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Thus, the remaining (square) on F'E is equal to the (re-
maining square) on FG. Thus, EF (is) equal to FG. And
straight-lines in a circle are said to be equally far from
the center when perpendicular (straight-lines) which are
drawn to them from the center are equal [Def. 3.4]. Thus,
AB and CD are equally far from the center.

So, let the straight-lines AB and C'D be equally far
from the center. That is to say, let E'F’ be equal to EG. I
say that AB is also equal to C'D.

For, with the same construction, we can, similarly,
show that AB is double AF, and CD (double) CG. And
since AF is equal to C'F, the (square) on AFE is equal to
the (square) on CE. But, the (sum of the squares) on
EF and F A is equal to the (square) on AFE [Prop. 1.47].
And the (sum of the squares) on EG and GC (is) equal
to the (square) on CE [Prop. 1.47]. Thus, the (sum of
the squares) on E'F and F A is equal to the (sum of the
squares) on EG and GC, of which the (square) on EF is
equal to the (square) on EG. For EF (is) equal to EG.
Thus, the remaining (square) on AF is equal to the (re-
maining square) on C'G. Thus, AF (is) equal to CG. And
AB is double AF, and CD double CG. Thus, AB (is)
equal to C'D.

Thus, in a circle, equal straight-lines are equally far
from the center, and (straight-lines) which are equally far
from the center are equal to one another. (Which is) the
very thing it was required to show.

Proposition 15

In a circle, a diameter (is) the greatest (straight-line),
and for the others, a (straight-line) nearer to the center
is always greater than one further away.

Let ABCD be a circle, and let AD be its diameter,
and E (its) center. And let BC be nearer to the diameter
AD," and FG further away. I say that AD is the greatest
(straight-line), and BC' (is) greater than F'G.

For let FH and EK have been drawn from the cen-
ter E, at right-angles to BC' and F'G (respectively)
[Prop. 1.12]. And since BC is nearer to the center,
and FG further away, FK (is) thus greater than EH
[Def. 3.5]. Let EL be made equal to EH [Prop. 1.3].
And LM being drawn through L, at right-angles to EK
[Prop. 1.11], let it have been drawn through to N. And
let ME, EN, FE, and EG have been joined.

And since EH is equal to EL, BC is also equal to
MN [Prop. 3.14]. Again, since AFE is equal to FM, and
ED to EN, AD is thus equal to ME and EN. But, ME
and EN is greater than M N [Prop. 1.20] [also AD is
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N MN Bdoewe tfic ZH peilwv éotiv. @i f; MN tfj BI' greater than M N], and M N (is) equal to BC. Thus, AD
€delyOn Tomn [xod /) BT tfic ZH pellwv éotiv]. peylotn uév is greater than BC. And since the two (straight-lines)
Gpo 1) AA dudpetpoc, pelwv 8¢ f BT tfic ZH. ME, EN are equal to the two (straight-lines) FE, EG
(respectively), and angle M EN [is] greater than angle
FEG,* the base M N is thus greater than the base FG
[Prop. 1.24]. But, M N was shown (to be) equal to BC
[(so) BC is also greater than F'G]. Thus, the diameter
AD (is) the greatest (straight-line), and BC' (is) greater

than FG.
Y M4
B B
Z F
K Al E K L E
(S} H
H G
N ry r N D C
Ev x0xhe dpo peyiotn yév éotv 1 diduetpos, @y 8¢ Thus, in a circle, a diameter (is) the greatest (straight-
AV Gel 1) Eyyiov Tol xévtpou Tiic dnwtepov yellwy éotiv:  line), and for the others, a (straight-line) nearer to the
Omep Edel BeT€an. center is always greater than one further away. (Which

is) the very thing it was required to show.

T Euclid should have said “to the center”, rather than "to the diameter AD”, since BC, AD and F'G are not necessarily parallel.
¥ This is not proved, except by reference to the figure.

15 Proposition 16

H fj Swopétpe 100 xdxhou mpoc 6p0dc an’ Sxpoc A (straight-line) drawn at right-angles to the diameter
Gryopévn Extoc meoeiton toU xOxhou, xol eic tov petadl of a circle, from its end, will fall outside the circle. And
témov Tiic te eblelug xal tfic mepipepeiag Etépa ebdela ob  another straight-line cannot be inserted into the space be-
TOpEUTESETTOL, Xal N pEv Tob Auxuxiiou yovia andone tween the (aforementioned) straight-line and the circum-
yoviog oZeloag ebduypdupou pellwv éotly, 7 8¢ Aouryy ference. And the angle of the semi-circle is greater than

ENGTTOV. any acute rectilinear angle whatsoever, and the remain-
"Eotw xixhog 6 ABT' nepl xévtpov 10 A xol diduetpov  ing (angle is) less (than any acute rectilinear angle).

™y AB* My, 6t A dnd ol A tfj AB mpog oplac dn’ Let ABC be a circle around the center D and the di-

Bxpog dryouévn Extog meceiton ToD XUXAOU. ameter AB. I say that the (straight-line) drawn from A,
M yép, dAN" €l duvatody, muntéten eviog ¢ N TA, xol  at right-angles to AB [Prop 1.11], from its end, will fall

eneledydm f AT outside the circle.

‘Enel Ton eotiv 1 AA tfj AT, Ton €oti xal ywvia o For (if) not then, if possible, let it fall inside, like C'A

AAT ywvig tfj Uno ATA. 6pdn 8¢ ) Uno AAT 6pOn dpo  (in the figure), and let DC have been joined.
xal 1) Omo ATA- tpiyddvou 81 100 AT'A ob 800 yowviaw ol Since DA is equal to DC, angle DAC is also equal
Uno AAT, ATA 8o 6piaic loou eiolv: nep éotiv ddOvatov. to angle ACD [Prop. 1.5]. And DAC (is) a right-angle.
oUx Gpo 1) amo To0 A onuelou i BA mpodc 6p0dc dyouévn Thus, ACD (is) also a right-angle. So, in triangle AC'D,
gvtoc neoeitar oD xUxhou. oOpoiwe 37 Bei€ouev, 6t oY’  the two angles DAC and ACD are equal to two right-
gl tfic mepipepeiog: ExToC dpa. angles. The very thing is impossible [Prop. 1.17]. Thus,
the (straight-line) drawn from point A, at right-angles
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Gpa 1 AA tiic AH. Ton 8¢  AA fj AO- pellwv dpa 1 AO
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Gipa elc TOv Yetob tonov i te eblelog xal Tiic neplpepelac
gTépa eVUEla TUPEUTECELTAL.

Aéyw, 6TL %ol 1 uev tol nuixuxhiov ywvia 1 nepieyouévn
On6 te tiic BA edlelac xol tiic [OA nepupepeiac andong
yowviag 6Zelog edfuypdupov yellwy éotiv, 1) 8¢ Aot 1 ne-
pieyouévn Onéd te tiic I'OA nepipepeiac xal tiic AE ebdeloc
andone yoviog 6&elog evduypdupou ENdTTwy Eotiv.

El yvap éotl tg yovia e0d0ypaypoc uellwv pev tiic
nepleyouévne Onéd te tfic BA eddeloc xal tfic T'OA mep-
pepeloc, ENdTTwV B¢ tic mepleyopévne Umd te tiic ['OA
neppepeioc xol e AE evdelag, eic tov yetadb témov tiic
e I'OA nepipepelac ol tfic AE eblelag eddela nopey-
neoeltan, Nt mowoel yellova yev tiic mepleyouévng LTO
te tfic BA eddelag xal tfic I'OA nepipepelac Ono eddeldv
Tepleyouévny, EANdTTova BE Tfic mepleyopévng Umé te Tijc
I'OA nepwpepeioc xal tiic AE eddeloc. ol mapeunintel dé-
oux dpo Tiic mepleyouévne Ywviag Utd te tfic BA eddeloc
xal tfic 'OA mepipepeioc Eoton peilwv 6&ela o edleldv
TEPLEYOUEVT], 00BE PNV ENdTTWV Tfic Tepieyouévng Und te
tfic 'OA nepipepeloc xal tfic AE edvdeiog.

to BA, will not fall inside the circle. So, similarly, we
can show that neither (will it fall) on the circumference.
Thus, (it will fall) outside (the circle).

B
C
D
H
F G
E A

Let it fall like AF (in the figure). So, I say that another
straight-line cannot be inserted into the space between
the straight-line AF and the circumference CH A.

For, if possible, let it be inserted like FF'A (in the fig-
ure), and let DG have been drawn from point D, perpen-
dicular to FA [Prop. 1.12]. And since AGD is a right-
angle, and DAG (is) less than a right-angle, AD (is)
thus greater than DG [Prop. 1.19]. And DA (is) equal
to DH. Thus, DH (is) greater than DG, the lesser than
the greater. The very thing is impossible. Thus, another
straight-line cannot be inserted into the space between
the straight-line (AFE) and the circumference.

And T also say that the semi-circular angle contained
by the straight-line BA and the circumference CHA is
greater than any acute rectilinear angle whatsoever, and
the remaining (angle) contained by the circumference
CH A and the straight-line AF is less than any acute rec-
tilinear angle whatsoever.

For if any rectilinear angle is greater than the (an-
gle) contained by the straight-line BA and the circum-
ference C'H A, or less than the (angle) contained by the
circumference CHA and the straight-line AF, then a
straight-line can be inserted into the space between the
circumference CH A and the straight-line AF—anything
which will make (an angle) contained by straight-lines
greater than the angle contained by the straight-line BA
and the circumference CH A, or less than the (angle)
contained by the circumference CH A and the straight-
line AE. But (such a straight-line) cannot be inserted.
Thus, an acute (angle) contained by straight-lines cannot
be greater than the angle contained by the straight-line
BA and the circumference C H A, neither (can it be) less
than the (angle) contained by the circumference CH A
and the straight-line AF.
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x0xhou 100 BI'A épantouévn ebieio ypouun fixton 1 AB-
Omep €8el molfjoau.
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Corollary

So, from this, (it is) manifest that a (straight-line)
drawn at right-angles to the diameter of a circle, from
its extremity, touches the circle [and that the straight-line
touches the circle at a single point, inasmuch as it was
also shown that a (straight-line) meeting (the circle) at
two (points) falls inside it [Prop. 3.2]]. (Which is) the
very thing it was required to show.

Proposition 17

To draw a straight-line touching a given circle from a
given point.

Let A be the given point, and BCD the given circle.
So it is required to draw a straight-line touching circle
BCD from point A.

For let the center E of the circle have been found
[Prop. 3.1], and let AF have been joined. And let (the
circle) AFG have been drawn with center E and radius
EA. And let DF have been drawn from from (point) D,
at right-angles to F A [Prop. 1.11]. And let EF and AB
have been joined. I say that the (straight-line) AB has
been drawn from point A touching circle BCD.

For since F is the center of circles BCD and AFG,
FEA is thus equal to EF, and ED to EB. So the two
(straight-lines) AF, EB are equal to the two (straight-
lines) F'E, ED (respectively). And they contain a com-
mon angle at E. Thus, the base DF is equal to the
base AB, and triangle DEF is equal to triangle FBA,
and the remaining angles (are equal) to the (corre-
sponding) remaining angles [Prop. 1.4]. Thus, (angle)
EDF (is) equal to EBA. And EDF (is) a right-angle.
Thus, EBA (is) also a right-angle. And EB is a ra-
dius. And a (straight-line) drawn at right-angles to the
diameter of a circle, from its extremity, touches the circle
[Prop. 3.16 corr.]. Thus, AB touches circle BCD.

Thus, the straight-line AB has been drawn touching
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the given circle BC'D from the given point A. (Which is)
the very thing it was required to do.

Proposition 18

If some straight-line touches a circle, and some
(other) straight-line is joined from the center (of the cir-
cle) to the point of contact, then the (straight-line) so
joined will be perpendicular to the tangent.

E

For let some straight-line DE touch the circle ABC at
point C, and let the center F' of circle ABC have been
found [Prop. 3.1], and let F'C have been joined from F
to C. I say that F'C is perpendicular to DE.

For if not, let F'G have been drawn from F, perpen-
dicular to DFE [Prop. 1.12].

Therefore, since angle F'GC is a right-angle, (angle)
FCQG is thus acute [Prop. 1.17]. And the greater angle is
subtended by the greater side [Prop. 1.19]. Thus, F'C (is)
greater than FF'G. And FC (is) equal to FB. Thus, FB
(is) also greater than F'G, the lesser than the greater. The
very thing is impossible. Thus, F'G is not perpendicular to
DE. So, similarly, we can show that neither (is) any other
(straight-line) except F'C. Thus, F'C is perpendicular to
DE.

Thus, if some straight-line touches a circle, and some
(other) straight-line is joined from the center (of the cir-
cle) to the point of contact, then the (straight-line) so
joined will be perpendicular to the tangent. (Which is)
the very thing it was required to show.

Proposition 19

If some straight-line touches a circle, and a straight-
line is drawn from the point of contact, at right-[angles]
to the tangent, then the center (of the circle) will be on
the (straight-line) so drawn.

For let some straight-line DE touch the circle ABC at
point C. And let C'A have been drawn from C, at right-

89
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angles to DFE [Prop. 1.11]. I say that the center of the
circle is on AC.

A

D C E

For (if) not, if possible, let F' be (the center of the
circle), and let C'F have been joined.

[Therefore], since some straight-line DE touches the
circle ABC, and F'C has been joined from the center to
the point of contact, F'C' is thus perpendicular to DFE
[Prop. 3.18]. Thus, FFCFE is a right-angle. And ACFE
is also a right-angle. Thus, FCFE is equal to ACE, the
lesser to the greater. The very thing is impossible. Thus,
F is not the center of circle ABC. So, similarly, we can
show that neither is any (point) other (than one) on AC.

Thus, if some straight-line touches a circle, and a straight-
line is drawn from the point of contact, at right-angles to
the tangent, then the center (of the circle) will be on the
(straight-line) so drawn. (Which is) the very thing it was
required to show.

Proposition 20

In a circle, the angle at the center is double that at the
circumference, when the angles have the same circumfer-
ence base.

Let ABC be a circle, and let BEC be an angle at its
center, and BAC (one) at (its) circumference. And let
them have the same circumference base BC. I say that
angle BEC is double (angle) BAC.

For being joined, let AF have been drawn through to
F.

Therefore, since EA is equal to EB, angle FAB (is)
also equal to EBA [Prop. 1.5]. Thus, angle EAB and
EBA is double (angle) EAB. And BEF (is) equal to
EAB and EBA [Prop. 1.32]. Thus, BEF is also double
EAB. So, for the same (reasons), FFEC is also double
EAC. Thus, the whole (angle) BEC is double the whole
(angle) BAC.



YTOIXEIQN y'.

ELEMENTS BOOK 3

A

B

Kexhdode 81 ndhiy, xol Eotw etépa ywvia 1y bno BATL,
xal émlevydeioa | AE éxBefriodw ént o H. opoiwe o
delopev, &t dimhij éotv 1) Uno HET yowvia tijc bno EAT,
6v 1y bno HEB 8unhij éot tfic Ono EAB- houny dpa 1 U1o
BET 8unAfj éon tijc bno BAT.

"Ev x0xhe oo 1) tpdg T8 %x€vTtpw ywvia dinhaciony €0t
Tfic mpog T} mepipepela, dtay TNV adTHV TepLpépeiay BAoty
Eywolv [ol ywvio] drep Edel detlou.

7

©A.

‘Ev x0he ol &v 16 adtd tuipatt yovion loow dhAhioug

clolv.
A

1)

"Eotw x0xhog 6 ABTA, xal &v 16 a0t turuott 6
BAEA yoviow éotwoay ol Undo BAA, BEA: Ayw, 6T ol
0o BAA, BEA ywviow Toow ddARhoug eiotv.

Eiigde yap o0 ABI'A x0xhou 16 xévtpov, xol E0Tw
T0 Z, xol éneletydwoay ol BZ, ZA.

Kot émel ) pev 0o BZA yovio mpog 16 xévtpw eotiv, 1
0e Umo BAA npoc tf] neplpepela, xal Eyovot thv adTiy ne-
prpépetay Baowy v BI'A| 1) dpa Und BZA ywvia Simhaociov
gotl Tiic Und BAA. S t& adtét 8 1 Und BZA xai tijc Uno

91

B

So let another (straight-line) have been inflected, and
let there be another angle, BDC. And DFE being joined,
let it have been produced to G. So, similarly, we can show
that angle GEC is double EDC, of which GE B is double
EDB. Thus, the remaining (angle) BEC is double the
(remaining angle) BDC.

Thus, in a circle, the angle at the center is double that
at the circumference, when [the angles] have the same
circumference base. (Which is) the very thing it was re-
quired to show.

Proposition 21

In a circle, angles in the same segment are equal to
one another.

A

C

Let ABCD be a circle, and let BAD and BED be
angles in the same segment BAED. 1 say that angles
BAD and BED are equal to one another.

For let the center of circle ABC'D have been found
[Prop. 3.1], and let it be (at point) F'. And let BF' and
F'D have been joined.

And since angle BF'D is at the center, and BAD at
the circumference, and they have the same circumference
base BCD, angle BF' D is thus double BAD [Prop. 3.20].
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So, for the same (reasons), BF D is also double BED.
Thus, BAD (is) equal to BED.

Thus, in a circle, angles in the same segment are equal
to one another. (Which is) the very thing it was required
to show.

Proposition 22

For quadrilaterals within circles, the (sum of the) op-
posite angles is equal to two right-angles.

B

D

Let ABCD be a circle, and let ABC'D be a quadrilat-
eral within it. I say that the (sum of the) opposite angles
is equal to two right-angles.

Let AC and BD have been joined.

Therefore, since the three angles of any triangle are
equal to two right-angles [Prop. 1.32], the three angles
CAB, ABC, and BCA of triangle ABC are thus equal
to two right-angles. And CAB (is) equal to BDC'. For
they are in the same segment BADC' [Prop. 3.21]. And
ACB (is equal) to ADB. For they are in the same seg-
ment ADCB [Prop. 3.21]. Thus, the whole of ADC is
equal to BAC and ACB. Let ABC have been added to
both. Thus, ABC, BAC, and ACB are equal to ABC
and ADC. But, ABC, BAC, and ACB are equal to two
right-angles. Thus, ABC and ADC are also equal to two
right-angles. Similarly, we can show that angles BAD
and DCB are also equal to two right-angles.

Thus, for quadrilaterals within circles, the (sum of
the) opposite angles is equal to two right-angles. (Which
is) the very thing it was required to show.

Proposition 23

Two similar and unequal segments of circles cannot be
constructed on the same side of the same straight-line.

For, if possible, let the two similar and unequal seg-
ments of circles, ACB and ADB, have been constructed
on the same side of the same straight-line AB. And let
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B

Therefore, since segment ACB is similar to segment
ADB, and similar segments of circles are those accept-
ing equal angles [Def. 3.11], angle ACB is thus equal
to ADB, the external to the internal. The very thing is
impossible [Prop. 1.16].

Thus, two similar and unequal segments of circles
cannot be constructed on the same side of the same
straight-line.

Proposition 24

Similar segments of circles on equal straight-lines are
equal to one another.

E

C D

For let AEB and CF D be similar segments of circles
on the equal straight-lines AB and C'D (respectively). I
say that segment AE'B is equal to segment CF D.

For if the segment AEB is applied to the segment
CFD, and point A is placed on (point) C, and the
straight-line AB on C'D, then point B will also coincide
with point D, on account of AB being equal to CD. And
if AB coincides with C'D then the segment AE B will also
coincide with C'F'D. For if the straight-line AB coincides
with CD, and the segment AF B does not coincide with
CF D, then it will surely either fall inside it, outside (it),"
or it will miss like CG D (in the figure), and a circle (will)
cut (another) circle at more than two points. The very
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thing is impossible [Prop. 3.10]. Thus, if the straight-line
AB is applied to CD, the segment AE B cannot not also
coincide with CFD. Thus, it will coincide, and will be
equal to it [C.N. 4].

Thus, similar segments of circles on equal straight-
lines are equal to one another. (Which is) the very thing
it was required to show.

Proposition 25

For a given segment of a circle, to complete the circle,
the very one of which it is a segment.

A A A

B D E B D B D
E

C C C

Let ABC be the given segment of a circle. So it is re-
quired to complete the circle for segment ABC, the very
one of which it is a segment.

For let AC have been cut in half at (point) D
[Prop. 1.10], and let DB have been drawn from point
D, at right-angles to AC [Prop. 1.11]. And let AB have
been joined. Thus, angle ABD is surely either greater
than, equal to, or less than (angle) BAD.

First of all, let it be greater. And let (angle) BAF,
equal to angle ABD, have been constructed on the
straight-line BA, at the point A on it [Prop. 1.23]. And
let DB have been drawn through to F, and let EC have
been joined. Therefore, since angle ABFE is equal to
BAE, the straight-line EB is thus also equal to FA
[Prop. 1.6]. And since AD is equal to DC, and DE (is)
common, the two (straight-lines) AD, DFE are equal to
the two (straight-lines) CD, DE, respectively. And angle
ADE is equal to angle CDE. For each (is) a right-angle.
Thus, the base AF is equal to the base C'E [Prop. 1.4].
But, AF was shown (to be) equal to BE. Thus, BF is
also equal to CE. Thus, the three (straight-lines) AFE,
EB, and EC are equal to one another. Thus, if a cir-
cle is drawn with center E, and radius one of AE, EB,
or EC, it will also go through the remaining points (of
the segment), and the (associated circle) will have been
completed [Prop. 3.9]. Thus, a circle has been completed
from the given segment of a circle. And (it is) clear that
the segment ABC is less than a semi-circle, because the
center E happens to lie outside it.
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[And], similarly, even if angle ABD is equal to BAD,
(since) AD becomes equal to each of BD [Prop. 1.6] and
DC, the three (straight-lines) DA, DB, and DC will be
equal to one another. And point D will be the center
of the completed circle. And ABC will manifestly be a
semi-circle.

And if ABD is less than BAD, and we construct (an-
gle BAFE), equal to angle ABD, on the straight-line BA,
at the point A on it [Prop. 1.23], then the center will fall
on DB, inside the segment ABC'. And segment ABC will
manifestly be greater than a semi-circle.

Thus, a circle has been completed from the given seg-
ment of a circle. (Which is) the very thing it was required
to do.

Proposition 26

In equal circles, equal angles stand upon equal cir-
cumferences whether they are standing at the center or
at the circumference.

A

K L

Let ABC and DEF be equal circles, and within them
let BGC and EHF be equal angles at the center, and
BAC and EDF (equal angles) at the circumference. I
say that circumference BKC is equal to circumference
ELF.

For let BC and EF have been joined.

And since circles ABC and DEF are equal, their radii
are equal. So the two (straight-lines) BG, GC (are) equal
to the two (straight-lines) EH, HF' (respectively). And
the angle at G (is) equal to the angle at H. Thus, the base
BC is equal to the base FF [Prop. 1.4]. And since the
angle at A is equal to the (angle) at D, the segment BAC
is thus similar to the segment EDF [Def. 3.11]. And
they are on equal straight-lines [BC and FF']. And simi-
lar segments of circles on equal straight-lines are equal to
one another [Prop. 3.24]. Thus, segment BAC is equal to
(segment) EDF. And the whole circle ABC is also equal
to the whole circle DEF. Thus, the remaining circum-
ference BKC is equal to the (remaining) circumference
ELF.

Thus, in equal circles, equal angles stand upon equal
circumferences, whether they are standing at the center
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or at the circumference. (Which is) the very thing which
it was required to show.

Proposition 27

In equal circles, angles standing upon equal circum-
ferences are equal to one another, whether they are
standing at the center or at the circumference.

A D

C
K

For let the angles BGC and EHF at the centers G
and H, and the (angles) BAC and EDF at the circum-
ferences, stand upon the equal circumferences BC and
EF, in the equal circles ABC and DEF (respectively). I
say that angle BGC is equal to (angle) EHF, and BAC
is equal to EDF.

Forif BGC is unequal to FH F, one of them is greater.
Let BGC be greater, and let the (angle) BGK, equal to
angle FHF, have been constructed on the straight-line
BG@, at the point G on it [Prop. 1.23]. But equal angles
(in equal circles) stand upon equal circumferences, when
they are at the centers [Prop. 3.26]. Thus, circumference
BK (is) equal to circumference EF. But, E'F is equal
to BC. Thus, BK is also equal to BC, the lesser to the
greater. The very thing is impossible. Thus, angle BGC
is not unequal to EHF. Thus, (it is) equal. And the
(angle) at A is half BGC, and the (angle) at D half EHF
[Prop. 3.20]. Thus, the angle at A (is) also equal to the
(angle) at D.

Thus, in equal circles, angles standing upon equal cir-
cumferences are equal to one another, whether they are
standing at the center or at the circumference. (Which is)
the very thing it was required to show.

Proposition 28

In equal circles, equal straight-lines cut off equal cir-
cumferences, the greater (circumference being equal) to
the greater, and the lesser to the lesser.

Let ABC and DEF be equal circles, and let AB
and DFE be equal straight-lines in these circles, cutting
off the greater circumferences ACB and DFFE, and the
lesser (circumferences) AGB and DHE (respectively). I
say that the greater circumference ACB is equal to the
greater circumference DFE, and the lesser circumfer-
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For let the centers of the circles, K and L, have been
found [Prop. 3.1], and let AK, KB, DL, and LE have
been joined.

And since (ABC and DEF) are equal circles, their
radii are also equal [Def. 3.1]. So the two (straight-
lines) AK, K B are equal to the two (straight-lines) DL,
LE (respectively). And the base AB (is) equal to the
base DE. Thus, angle AKB is equal to angle DLE
[Prop. 1.8]. And equal angles stand upon equal circum-
ferences, when they are at the centers [Prop. 3.26]. Thus,
circumference AGB (is) equal to DHE. And the whole
circle ABC is also equal to the whole circle DEF. Thus,
the remaining circumference AC'B is also equal to the
remaining circumference DFE.

Thus, in equal circles, equal straight-lines cut off
equal circumferences, the greater (circumference being
equal) to the greater, and the lesser to the lesser. (Which
is) the very thing it was required to show.

Proposition 29

In equal circles, equal straight-lines subtend equal cir-
cumferences.
A D

G H
Let ABC and DEF be equal circles, and within them
let the equal circumferences BGC and FH F' have been
cut off. And let the straight-lines BC' and E'F have been

joined. I say that BC' is equal to E'F.

For let the centers of the circles have been found
[Prop. 3.1], and let them be (at) K and L. And let BK,
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KC, EL, and LF have been joined.

And since the circumference BGC is equal to the cir-
cumference FHF, the angle BKC is also equal to (an-
gle) ELF [Prop. 3.27]. And since the circles ABC and
DEF are equal, their radii are also equal [Def. 3.1]. So
the two (straight-lines) BK, KC are equal to the two
(straight-lines) E'L, LF (respectively). And they contain
equal angles. Thus, the base BC is equal to the base E'F
[Prop. 1.4].

Thus, in equal circles, equal straight-lines subtend
equal circumferences. (Which is) the very thing it was
required to show.

Proposition 30

To cut a given circumference in half.

D

A C B

Let AD B be the given circumference. So it is required
to cut circumference ADB in half.

Let AB have been joined, and let it have been cut in
half at (point) C [Prop. 1.10]. And let CD have been
drawn from point C, at right-angles to AB [Prop. 1.11].
And let AD, and DB have been joined.

And since AC is equal to CB, and C'D (is) com-
mon, the two (straight-lines) AC, CD are equal to the
two (straight-lines) BC, CD (respectively). And angle
ACD (is) equal to angle BCD. For (they are) each right-
angles. Thus, the base AD is equal to the base DB
[Prop. 1.4]. And equal straight-lines cut off equal circum-
ferences, the greater (circumference being equal) to the
greater, and the lesser to the lesser [Prop. 1.28]. And the
circumferences AD and DB are each less than a semi-
circle. Thus, circumference AD (is) equal to circumfer-
ence DB.

Thus, the given circumference has been cut in half at
point D. (Which is) the very thing it was required to do.

Proposition 31

In a circle, the angle in a semi-circle is a right-angle,
and that in a greater segment (is) less than a right-angle,
and that in a lesser segment (is) greater than a right-
angle. And, further, the angle of a segment greater (than
a semi-circle) is greater than a right-angle, and the an-
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gle of a segment less (than a semi-circle) is less than a
right-angle.
F

B

Let ABCD be a circle, and let BC be its diameter, and
E its center. And let BA, AC, AD, and DC have been
joined. I say that the angle BAC in the semi-circle BAC
is a right-angle, and the angle ABC in the segment ABC,
(which is) greater than a semi-circle, is less than a right-
angle, and the angle ADC in the segment ADC, (which
is) less than a semi-circle, is greater than a right-angle.

Let AE have been joined, and let BA have been
drawn through to F.

And since BE is equal to FA, angle ABE is also
equal to BAFE [Prop. 1.5]. Again, since CE is equal to
EA, ACE is also equal to CAF [Prop. 1.5]. Thus, the
whole (angle) BAC is equal to the two (angles) ABC
and ACB. And FAC, (which is) external to triangle
ABC, is also equal to the two angles ABC and ACB
[Prop. 1.32]. Thus, angle BAC (is) also equal to FAC.
Thus, (they are) each right-angles. [Def. 1.10]. Thus, the
angle BAC in the semi-circle BAC is a right-angle.

And since the two angles ABC and BAC of trian-
gle ABC are less than two right-angles [Prop. 1.17], and
BAC is aright-angle, angle ABC is thus less than a right-
angle. And it is in segment ABC, (which is) greater than
a semi-circle.

And since ABCD is a quadrilateral within a circle,
and for quadrilaterals within circles the (sum of the) op-
posite angles is equal to two right-angles [Prop. 3.22]
[angles ABC and ADC are thus equal to two right-
angles], and (angle) ABC is less than a right-angle. The
remaining angle ADC is thus greater than a right-angle.
And it is in segment ADC, (which is) less than a semi-
circle.

I also say that the angle of the greater segment,
(namely) that contained by the circumference ABC and
the straight-line AC, is greater than a right-angle. And
the angle of the lesser segment, (namely) that contained
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by the circumference AD[C] and the straight-line AC, is
less than a right-angle. And this is immediately apparent.
For since the (angle contained by) the two straight-lines
BA and AC is a right-angle, the (angle) contained by
the circumference ABC and the straight-line AC' is thus
greater than a right-angle. Again, since the (angle con-
tained by) the straight-lines AC and AF is a right-angle,
the (angle) contained by the circumference AD[C] and
the straight-line C' A is thus less than a right-angle.

Thus, in a circle, the angle in a semi-circle is a right-
angle, and that in a greater segment (is) less than a
right-angle, and that in a lesser [segment] (is) greater
than a right-angle. And, further, the [angle] of a seg-
ment greater (than a semi-circle) [is] greater than a right-
angle, and the [angle] of a segment less (than a semi-
circle) is less than a right-angle. (Which is) the very thing
it was required to show.

Proposition 32

If some straight-line touches a circle, and some
(other) straight-line is drawn across, from the point of
contact into the circle, cutting the circle (in two), then
those angles the (straight-line) makes with the tangent
will be equal to the angles in the alternate segments of
the circle.

A

E F
B

For let some straight-line E'F' touch the circle ABCD
at the point B, and let some (other) straight-line BD
have been drawn from point B into the circle ABCD,
cutting it (in two). I say that the angles BD makes with
the tangent F'F will be equal to the angles in the alter-
nate segments of the circle. That is to say, that angle
F'BD is equal to the angle constructed in segment BAD,
and angle EBD is equal to the angle constructed in seg-
ment DCB.

For let BA have been drawn from B, at right-angles
to E'F [Prop. 1.11]. And let the point C' have been taken
at random on the circumference BD. And let AD, DC,
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and C'B have been joined.

And since some straight-line FF' touches the circle
ABCD at point B, and BA has been drawn from the
point of contact, at right-angles to the tangent, the center
of circle ABCD is thus on BA [Prop. 3.19]. Thus, BA
is a diameter of circle ABCD. Thus, angle ADB, being
in a semi-circle, is a right-angle [Prop. 3.31]. Thus, the
remaining angles (of triangle ADB) BAD and ABD are
equal to one right-angle [Prop. 1.32]. And ABF is also a
right-angle. Thus, ABF is equal to BAD and ABD. Let
ABD have been subtracted from both. Thus, the remain-
ing angle DBF is equal to the angle BAD in the alternate
segment of the circle. And since ABCD is a quadrilateral
in a circle, (the sum of) its opposite angles is equal to
two right-angles [Prop. 3.22]. And DBF and DBE is
also equal to two right-angles [Prop. 1.13]. Thus, DBF
and DBE is equal to BAD and BCD, of which BAD
was shown (to be) equal to DBF. Thus, the remaining
(angle) DBE is equal to the angle DCB in the alternate
segment DCB of the circle.

Thus, if some straight-line touches a circle, and some
(other) straight-line is drawn across, from the point of
contact into the circle, cutting the circle (in two), then
those angles the (straight-line) makes with the tangent
will be equal to the angles in the alternate segments of
the circle. (Which is) the very thing it was required to
show.

Proposition 33

To draw a segment of a circle, accepting an angle
equal to a given rectilinear angle, on a given straight-line.

L

A\ N
A D A A D
H
E F
B
@ @
E B E

Let AB be the given straight-line, and C the given
rectilinear angle. So it is required to draw a segment
of a circle, accepting an angle equal to C, on the given
straight-line AB.

So the [angle] C is surely either acute, a right-angle,
or obtuse. First of all, let it be acute. And, as in the first
diagram (from the left), let (angle) BAD, equal to angle
C, have been constructed on the straight-line AB, at the

point A (on it) [Prop. 1.23]. Thus, BAD is also acute. Let
AFE have been drawn, at right-angles to DA [Prop. 1.11].
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npog 6pBdac N ZH, xal éneledydw 7 HB.
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Z, Swothyott 8¢ omotépw iV ZA, ZB, xixhog yeypdpiw
6 AEB.

‘Egdnteton dpo /i AA eddela 1ol ABE x0xhou S 16
6p0NV €lvar ™Y TpOC T A yoviov. xol lon €otiv | OO
BAA yovia 1 év 16 AEB tufpate 6p01) yop xol adty év
NuLUxAle oboa. GAha xol 1) bno BAA 1] npoc 6 I Ton
gotlv. xal N év 16 AEB dpa o éotl tfj npog 6 I
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deyouevov yoviay Tony Tfj tpog @ T

ANa 8 1) mede 6 I' duPheio Eotw: ol cuVESTTR
a0t lon neodc i AB ebdeiq xal 16 A onuele 7 Ond BAA,
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T} AB mpoc opddc fiydw 1 ZH, xai énelebydw f HB.

Kol énel mdhw Ton éotiv 1) AZ tfj ZB, xol xown 1 ZH,
dvo o1 ai AZ, ZH 8o tdiic BZ, ZH oo eiotv: xal ywvia 7)
Ono AZH ywvia tfj bno BZH fon Bdow dpa 1 AH Bdoel
tfj BH Ton éotiv: 6 Spa xévtpw pév 16 H Swwotiyott 8¢ w6
HA xdhog ypagpduevog fel xol did tol B. épyéodw de 6
AEB. xai énel tf] AE Siapétpw dn’ dxpac npog 6p0dc oty
N AA,  AA 8po epdnteton T00 AEB x0xhou. xol dno tiic
xatd 0 A énagfic Sifixton | AB- 7 dpa Uno BAA yovia
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x0xhov 10 AOB deyduevov ywviay Tony tf] tpog w6 I' énep
€deL moLfjoou.

And let AB have been cut in half at F' [Prop. 1.10]. And
let FG have been drawn from point F', at right-angles to
AB [Prop. 1.11]. And let GB have been joined.

And since AF is equal to F'B, and F'G (is) common,
the two (straight-lines) AF, FG are equal to the two
(straight-lines) BF, F'G (respectively). And angle AF'G
(is) equal to [angle] BF'G. Thus, the base AG is equal to
the base BG [Prop. 1.4]. Thus, the circle drawn with
center GG, and radius GA, will also go through B (as
well as A). Let it have been drawn, and let it be (de-
noted) ABE. And let EB have been joined. Therefore,
since AD is at the extremity of diameter AE, (namely,
point) A, at right-angles to AF, the (straight-line) AD
thus touches the circle ABE [Prop. 3.16 corr.]. There-
fore, since some straight-line AD touches the circle ABF,
and some (other) straight-line AB has been drawn across
from the point of contact A into circle ABFE, angle DAB
is thus equal to the angle AE B in the alternate segment
of the circle [Prop. 3.32]. But, DAB is equal to C. Thus,
angle C' is also equal to AEB.

Thus, a segment AE B of a circle, accepting the angle
AEB (which is) equal to the given (angle) C, has been
drawn on the given straight-line AB.

And so let C' be a right-angle. And let it again be
necessary to draw a segment of a circle on AB, accepting
an angle equal to the right-[angle] C. Let the (angle)
BAD [again] have been constructed, equal to the right-
angle C [Prop. 1.23], as in the second diagram (from the
left). And let AB have been cut in half at ' [Prop. 1.10].
And let the circle AEB have been drawn with center F',
and radius either F'A or F'B.

Thus, the straight-line AD touches the circle ABE, on
account of the angle at A being a right-angle [Prop. 3.16
corr.]. And angle BAD is equal to the angle in segment
AEB. For (the latter angle), being in a semi-circle, is also
a right-angle [Prop. 3.31]. But, BAD is also equal to C.
Thus, the (angle) in (segment) AEB is also equal to C.

Thus, a segment AE B of a circle, accepting an angle
equal to C, has again been drawn on AB.

And so let (angle) C be obtuse. And let (angle) BAD,
equal to (C), have been constructed on the straight-line
AB, at the point A (on it) [Prop. 1.23], as in the third
diagram (from the left). And let AF have been drawn, at
right-angles to AD [Prop. 1.11]. And let AB have again
been cut in half at F' [Prop. 1.10]. And let F'G have been
drawn, at right-angles to AB [Prop. 1.10]. And let GB
have been joined.

And again, since AF is equal to F'B, and FG (is)
common, the two (straight-lines) AF, F'G are equal to
the two (straight-lines) BF, F'G (respectively). And an-
gle AFG (is) equal to angle BF'G. Thus, the base AG is
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AD.

Ano tob Bdolévtog xixhou Tufjua dpeAely deyduevoyv
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6 B 1] tpdc 16 A ywvia Ton 1) bno ZBI.

‘Enel olv xOxhou 1ol ABI épdntetal tg eddeia 1 EZ,
ol &mo tfic xatd 10 B énagijc Sifixton f BI, 1 o ZBI dpa
yovio fon €ott tfj €v 16 BAT évadlha TUAHaTL CUVIGTUUEVT
yovia. @A\ 7 Onod ZBI tfj npoc @ A éotwv Ton xol 0 v
16 BAT dpa tufuatt Ton éoti 1§ npoc 16 A [ywviy].

Ano tob dodévtog dpo xdxhou oD ABI tufjua dprenton
0 BAT beyduevov ywviay iony tfj bodelon ywvia ebduypdy-
g Tf] Teoc 6 A émep €del motfjoou.

equal to the base BG [Prop. 1.4]. Thus, a circle of center
G, and radius GA, being drawn, will also go through B
(as well as A). Let it go like AEB (in the third diagram
from the left). And since AD is at right-angles to the di-
ameter AF, at its extremity, AD thus touches circle AEB
[Prop. 3.16 corr.]. And AB has been drawn across (the
circle) from the point of contact A. Thus, angle BAD is
equal to the angle constructed in the alternate segment
AH B of the circle [Prop. 3.32]. But, angle BAD is equal
to C. Thus, the angle in segment AH B is also equal to
C.

Thus, a segment AH B of a circle, accepting an angle
equal to C, has been drawn on the given straight-line AB.
(Which is) the very thing it was required to do.

Proposition 34

To cut off a segment, accepting an angle equal to a
given rectilinear angle, from a given circle.
C
F

F A

Let ABC be the given circle, and D the given rectilin-
ear angle. So it is required to cut off a segment, accepting
an angle equal to the given rectilinear angle D, from the
given circle ABC.

Let EF have been drawn touching ABC at point B.T
And let (angle) F'BC, equal to angle D, have been con-
structed on the straight-line F'B, at the point B on it
[Prop. 1.23].

Therefore, since some straight-line E'F' touches the
circle ABC, and BC has been drawn across (the circle)
from the point of contact B, angle FFBC is thus equal
to the angle constructed in the alternate segment BAC
[Prop. 1.32]. But, F'BC is equal to D. Thus, the (angle)
in the segment BAC is also equal to [angle] D.

Thus, the segment BAC, accepting an angle equal to
the given rectilinear angle D, has been cut off from the
given circle ABC. (Which is) the very thing it was re-
quired to do.

t Presumably, by finding the center of ABC' [Prop. 3.1], drawing a straight-line between the center and point B, and then drawing EF through
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point B, at right-angles to the aforementioned straight-line [Prop. 1.11].
AE'.

Edav év xOxhe dVo ebdeion téuvwoty dAAAAag, tO LTO
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Proposition 35

If two straight-lines in a circle cut one another then
the rectangle contained by the pieces of one is equal to
the rectangle contained by the pieces of the other.

A

A

W

For let the two straight-lines AC' and BD, in the circle
ABCD, cut one another at point E. I say that the rect-
angle contained by AE and EC is equal to the rectangle
contained by DFE and EB.

In fact, if AC and BD are through the center (as in
the first diagram from the left), so that E is the center of
circle ABCD, then (it is) clear that, AE, EC, DFE, and
E' B being equal, the rectangle contained by AFE and EC
is also equal to the rectangle contained by DF and EB.

So let AC' and DB not be though the center (as in
the second diagram from the left), and let the center of
ABCD have been found [Prop. 3.1], and let it be (at) F.
And let FG and FH have been drawn from F, perpen-
dicular to the straight-lines AC and DB (respectively)
[Prop. 1.12]. And let F B, F'C, and F'E have been joined.

And since some straight-line, GF', through the center,
cuts at right-angles some (other) straight-line, AC, not
through the center, then it also cuts it in half [Prop. 3.3].
Thus, AG (is) equal to GC. Therefore, since the straight-
line AC is cut equally at GG, and unequally at E, the
rectangle contained by AF and EC plus the square on
EG is thus equal to the (square) on GC' [Prop. 2.5]. Let
the (square) on GF' have been added [to both]. Thus,
the (rectangle contained) by AE and EC plus the (sum
of the squares) on GE and GF is equal to the (sum of
the squares) on CG and GF. But, the (square) on F'E
is equal to the (sum of the squares) on FG and GF
[Prop. 1.47], and the (square) on F'C is equal to the (sum
of the squares) on CG and GF [Prop. 1.47]. Thus, the
(rectangle contained) by AF and EC plus the (square)
on F'E is equal to the (square) on F'C. And FC (is)
equal to FF'B. Thus, the (rectangle contained) by AFE
and EC plus the (square) on F'F is equal to the (square)
on F'B. So, for the same (reasons), the (rectangle con-
tained) by DE and E B plus the (square) on F'FE is equal
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to the (square) on FB. And the (rectangle contained)
by AE and EC plus the (square) on F'E was also shown
(to be) equal to the (square) on F'B. Thus, the (rect-
angle contained) by AE and EC plus the (square) on
FFE is equal to the (rectangle contained) by DE and EB
plus the (square) on F'E. Let the (square) on F'E have
been taken from both. Thus, the remaining rectangle con-
tained by AF and EC is equal to the rectangle contained
by DE and EB.

Thus, if two straight-lines in a circle cut one another
then the rectangle contained by the pieces of one is equal
to the rectangle contained by the pieces of the other.
(Which is) the very thing it was required to show.

Proposition 36

If some point is taken outside a circle, and two
straight-lines radiate from it towards the circle, and (one)
of them cuts the circle, and the (other) touches (it), then
the (rectangle contained) by the whole (straight-line)
cutting (the circle), and the (part of it) cut off outside
(the circle), between the point and the convex circumfer-
ence, will be equal to the square on the tangent (line).

A

s}

D

For let some point D have been taken outside circle
ABC, and let two straight-lines, DC[A] and DB, radi-
ate from D towards circle ABC. And let DC A cut circle
ABC, and let BD touch (it). I say that the rectangle
contained by AD and DC is equal to the square on DB.

[D]C A is surely either through the center, or not. Let
it first of all be through the center, and let F' be the cen-
ter of circle ABC, and let F'B have been joined. Thus,
(angle) F'BD is a right-angle [Prop. 3.18]. And since
straight-line AC is cut in half at F, let CD have been
added to it. Thus, the (rectangle contained) by AD and
DC plus the (square) on FC is equal to the (square) on
F'D [Prop. 2.6]. And FC (is) equal to F'B. Thus, the
(rectangle contained) by AD and DC plus the (square)
on F'B is equal to the (square) on F'D. And the (square)
on F'D is equal to the (sum of the squares) on F'B and
BD [Prop. 1.47]. Thus, the (rectangle contained) by AD
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EQPATTOUEVTG.
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and DC plus the (square) on F'B is equal to the (sum
of the squares) on F'B and BD. Let the (square) on
F B have been subtracted from both. Thus, the remain-
ing (rectangle contained) by AD and DC is equal to the
(square) on the tangent DB.

And so let DCA not be through the center of cir-
cle ABC, and let the center E have been found, and
let EF have been drawn from E, perpendicular to AC
[Prop. 1.12]. And let EB, EC, and ED have been joined.
(Angle) EBD (is) thus a right-angle [Prop. 3.18]. And
since some straight-line, E'F, through the center, cuts
some (other) straight-line, AC, not through the center,
at right-angles, it also cuts it in half [Prop. 3.3]. Thus,
AF is equal to FC. And since the straight-line AC is cut
in half at point F, let C'D have been added to it. Thus, the
(rectangle contained) by AD and DC plus the (square)
on FC is equal to the (square) on F'D [Prop. 2.6]. Let
the (square) on F'F have been added to both. Thus, the
(rectangle contained) by AD and DC plus the (sum of
the squares) on C'F and F'F is equal to the (sum of the
squares) on F'D and F'E. But the (square) on EC is equal
to the (sum of the squares) on CF and FE. For [angle]
EFC [is] a right-angle [Prop. 1.47]. And the (square)
on ED is equal to the (sum of the squares) on DF and
FE [Prop. 1.47]. Thus, the (rectangle contained) by AD
and DC plus the (square) on EC is equal to the (square)
on ED. And EC (is) equal to EB. Thus, the (rectan-
gle contained) by AD and DC plus the (square) on EB
is equal to the (square) on ED. And the (sum of the
squares) on EB and BD is equal to the (square) on ED.
For EBD (is) a right-angle [Prop. 1.47]. Thus, the (rect-
angle contained) by AD and DC plus the (square) on
EB is equal to the (sum of the squares) on EB and BD.
Let the (square) on F'B have been subtracted from both.
Thus, the remaining (rectangle contained) by AD and
DC is equal to the (square) on BD.

Thus, if some point is taken outside a circle, and two
straight-lines radiate from it towards the circle, and (one)
of them cuts the circle, and (the other) touches (it), then
the (rectangle contained) by the whole (straight-line)
cutting (the circle), and the (part of it) cut off outside
(the circle), between the point and the convex circumfer-
ence, will be equal to the square on the tangent (line).
(Which is) the very thing it was required to show.

Proposition 37

If some point is taken outside a circle, and two
straight-lines radiate from the point towards the circle,
and one of them cuts the circle, and the (other) meets
(it), and the (rectangle contained) by the whole (straight-
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line) cutting (the circle), and the (part of it) cut off out-
side (the circle), between the point and the convex cir-
cumference, is equal to the (square) on the (straight-line)
meeting (the circle), then the (straight-line) meeting (the
circle) will touch the circle.

D
E

B A

For let some point D have been taken outside circle
ABC, and let two straight-lines, DC'A and DB, radiate
from D towards circle ABC, and let DC A cut the circle,
and let DB meet (the circle). And let the (rectangle con-
tained) by AD and DC be equal to the (square) on DB.
I say that DB touches circle ABC.

For let DFE have been drawn touching ABC [Prop.
3.17], and let the center of the circle ABC have been
found, and let it be (at) F. And let F'E, F'B, and FD
have been joined. (Angle) FED is thus a right-angle
[Prop. 3.18]. And since DFE touches circle ABC, and
DC A cuts (it), the (rectangle contained) by AD and DC
is thus equal to the (square) on DE [Prop. 3.36]. And the
(rectangle contained) by AD and DC was also equal to
the (square) on DB. Thus, the (square) on DFE is equal
to the (square) on DB. Thus, DE (is) equal to DB. And
FE is also equal to F'B. So the two (straight-lines) DFE,
EF are equal to the two (straight-lines) DB, BF (re-
spectively). And their base, F'D, is common. Thus, angle
DEF is equal to angle DBF [Prop. 1.8]. And DEF (is)
a right-angle. Thus, DBF (is) also a right-angle. And
F' B produced is a diameter, And a (straight-line) drawn
at right-angles to a diameter of a circle, at its extremity,
touches the circle [Prop. 3.16 corr.]. Thus, DB touches
circle ABC. Similarly, (the same thing) can be shown,
even if the center happens to be on AC.

Thus, if some point is taken outside a circle, and two
straight-lines radiate from the point towards the circle,
and one of them cuts the circle, and the (other) meets
(it), and the (rectangle contained) by the whole (straight-
line) cutting (the circle), and the (part of it) cut off out-
side (the circle), between the point and the convex cir-
cumference, is equal to the (square) on the (straight-line)
meeting (the circle), then the (straight-line) meeting (the
circle) will touch the circle. (Which is) the very thing it
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was required to show.
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Construction of Rectilinear Figures In and
Around Circles
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"Ecte 6 doldelc xOxhog 6 ABIL, 1) 8¢ Solcioa eddeta un
pellwv tfic 100 x0xhou Slopéteou | A. Bel 81 eic tov ABI
x0xhov tf] A eddela Tonv eddelay Evopudoo.

"Hy 90 1ot ABIT x0xhou Siduetpoc 1 BI'. el pev olv Ton
gotlv ) BI' tfj A, yeyovoc dv €ln 10 émtaydév: Evipuootal

Definitions

1. A rectilinear figure is said to be inscribed in
a(nother) rectilinear figure when the respective angles
of the inscribed figure touch the respective sides of the
(figure) in which it is inscribed.

2. And, similarly, a (rectilinear) figure is said to be cir-
cumscribed about a(nother rectilinear) figure when the
respective sides of the circumscribed (figure) touch the
respective angles of the (figure) about which it is circum-
scribed.

3. A rectilinear figure is said to be inscribed in a cir-
cle when each angle of the inscribed (figure) touches the
circumference of the circle.

4. And a rectilinear figure is said to be circumscribed
about a circle when each side of the circumscribed (fig-
ure) touches the circumference of the circle.

5. And, similarly, a circle is said to be inscribed in a
(rectilinear) figure when the circumference of the circle
touches each side of the (figure) in which it is inscribed.

6. And a circle is said to be circumscribed about a
rectilinear (figure) when the circumference of the circle
touches each angle of the (figure) about which it is cir-
cumscribed.

7. A straight-line is said to be inserted into a circle
when its extemities are on the circumference of the circle.

Proposition 1

To insert a straight-line equal to a given straight-line
into a circle, (the latter straight-line) not being greater
than the diameter of the circle.

D

Let ABC be the given circle, and D the given straight-
line (which is) not greater than the diameter of the cir-
cle. So it is required to insert a straight-line, equal to the
straight-line D, into the circle ABC.

Let a diameter BC of circle ABC have been drawn.
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yop eic tov ABIT x0xhov tf] A eddela ion 7 BI'. €l 8¢ peilov
gotlv 1 BI' tfic A, xelodw tfj A lon 0 T'E, xol xévtpw
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Therefore, if BC' is equal to D then that (which) was
prescribed has taken place. For the (straight-line) BC,
equal to the straight-line D, has been inserted into the
circle ABC. And if BC is greater than D then let CF be
made equal to D [Prop. 1.3], and let the circle EAF have
been drawn with center C' and radius CE. And let CA
have been joined.

Therefore, since the point C is the center of circle
FEAF, CA is equal to CE. But, CE is equal to D. Thus,
D is also equal to C' A.

Thus, C'A, equal to the given straight-line D, has been
inserted into the given circle ABC. (Which is) the very
thing it was required to do.

t Presumably, by finding the center of the circle [Prop. 3.1], and then drawing a line through it.
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Proposition 2

To inscribe a triangle, equiangular with a given trian-
gle, in a given circle.

B E
F
C
G D
A
H

Let ABC be the given circle, and DEF the given tri-
angle. So it is required to inscribe a triangle, equiangular
with triangle DEF, in circle ABC.

Let G H have been drawn touching circle ABC at A."
And let (angle) HAC, equal to angle DEF, have been
constructed on the straight-line AH at the point A on it,
and (angle) GAB, equal to [angle] DFE, on the straight-
line AG at the point A on it [Prop. 1.23]. And let BC
have been joined.

Therefore, since some straight-line AH touches the
circle ABC, and the straight-line AC has been drawn
across (the circle) from the point of contact A, (angle)
HAC is thus equal to the angle ABC in the alternate
segment of the circle [Prop. 3.32]. But, HAC is equal to
DEF. Thus, angle ABC'is also equal to DEF'. So, for the
same (reasons), ACB is also equal to DF'E. Thus, the re-
maining (angle) BAC is equal to the remaining (angle)
EDF [Prop. 1.32]. [Thus, triangle ABC is equiangu-
lar with triangle DFEF, and has been inscribed in circle
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T See the footnote to Prop. 3.34.
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ABC1.

Thus, a triangle, equiangular with the given triangle,
has been inscribed in the given circle. (Which is) the very
thing it was required to do.

Proposition 3

To circumscribe a triangle, equiangular with a given
triangle, about a given circle.

M H

F D

L C N G

Let ABC be the given circle, and DEF the given tri-
angle. So it is required to circumscribe a triangle, equian-
gular with triangle DEF, about circle ABC.

Let EF have been produced in each direction to
points G and H. And let the center K of circle ABC
have been found [Prop. 3.1]. And let the straight-line
K B have been drawn, at random, across (ABC). And
let (angle) BK A, equal to angle DEG, have been con-
structed on the straight-line KB at the point K on it,
and (angle) BKC, equal to DFH [Prop. 1.23]. And let
the (straight-lines) LAM, M BN, and NCL have been
drawn through the points A, B, and C (respectively),
touching the circle ABC.T

And since LM, M N, and NL touch circle ABC' at
points A, B, and C (respectively), and KA, KB, and
KC are joined from the center K to points A, B, and
C (respectively), the angles at points A, B, and C are
thus right-angles [Prop. 3.18]. And since the (sum of the)
four angles of quadrilateral AM BK is equal to four right-
angles, inasmuch as AM BK (can) also (be) divided into
two triangles [Prop. 1.32], and angles K AM and K BM
are (both) right-angles, the (sum of the) remaining (an-
gles), AK B and AM B, is thus equal to two right-angles.
And DEG and DEF is also equal to two right-angles
[Prop. 1.13]. Thus, AKB and AMB is equal to DEG
and DEF, of which AK B is equal to DEG. Thus, the re-
mainder AM B is equal to the remainder DEF. So, sim-
ilarly, it can be shown that LN B is also equal to DF'E.
Thus, the remaining (angle) M LN is also equal to the
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[remaining] (angle) FDF [Prop. 1.32]. Thus, triangle
LM N is equiangular with triangle DEF'. And it has been
drawn around circle ABC.

Thus, a triangle, equiangular with the given triangle,
has been circumscribed about the given circle. (Which is)
the very thing it was required to do.

Proposition 4

To inscribe a circle in a given triangle.

A

B g C

Let ABC be the given triangle. So it is required to
inscribe a circle in triangle ABC.

Let the angles ABC and AC B have been cut in half by
the straight-lines BD and CD (respectively) [Prop. 1.9],
and let them meet one another at point D, and let DF,
DF, and DG have been drawn from point D, perpendic-
ular to the straight-lines AB, BC, and C' A (respectively)
[Prop. 1.12].

And since angle ABD is equal to CBD, and the right-
angle BED is also equal to the right-angle BF D, EBD
and F'BD are thus two triangles having two angles equal
to two angles, and one side equal to one side—the (one)
subtending one of the equal angles (which is) common to
the (triangles)—(namely), BD. Thus, they will also have
the remaining sides equal to the (corresponding) remain-
ing sides [Prop. 1.26]. Thus, DE (is) equal to DF. So,
for the same (reasons), DG is also equal to DF. Thus,
the three straight-lines DE, DF, and DG are equal to
one another. Thus, the circle drawn with center D, and
radius one of E, F, or G, will also go through the re-
maining points, and will touch the straight-lines AB, BC,
and C'A, on account of the angles at F, F, and G being
right-angles. For if it cuts (one of) them then it will be
a (straight-line) drawn at right-angles to a diameter of
the circle, from its extremity, falling inside the circle. The
very thing was shown (to be) absurd [Prop. 3.16]. Thus,
the circle drawn with center D, and radius one of E, I,
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I

or GG, does not cut the straight-lines AB, BC, and CA.
Thus, it will touch them and will be the circle inscribed
in triangle ABC. Let it have been (so) inscribed, like
FGFE (in the figure).

Thus, the circle FFG has been inscribed in the given
triangle ABC'. (Which is) the very thing it was required
to do.

is actually one of DE, DF, or DG.

Proposition 5

To circumscribe a circle about a given triangle.

A A A
INVALY
LN )

Let ABC be the given triangle. So it is required to
circumscribe a circle about the given triangle ABC.

Let the straight-lines AB and AC have been cut in
half at points D and F (respectively) [Prop. 1.10]. And
let DF' and EF have been drawn from points D and F,
at right-angles to AB and AC (respectively) [Prop. 1.11].
So (DF and EF) will surely either meet inside triangle
ABC, on the straight-line BC, or beyond BC.

Let them, first of all, meet inside (triangle ABC) at
(point) F, and let F'B, FC, and F'A have been joined.
And since AD is equal to DB, and DF is common and
at right-angles, the base AF is thus equal to the base F'B
[Prop. 1.4]. So, similarly, we can show that CF is also
equal to AF'. So that F'B is also equal to F'C. Thus, the
three (straight-lines) F'A, F'B, and F'C are equal to one
another. Thus, the circle drawn with center F', and radius
one of A, B, or C, will also go through the remaining
points. And the circle will have been circumscribed about
triangle ABC'. Let it have been (so) circumscribed, like
ABC (in the first diagram from the left).

And so, let DF and EF meet on the straight-line
BC at (point) F, like in the second diagram (from the
left). And let AF have been joined. So, similarly, we can
show that point F is the center of the circle circumscribed
about triangle ABC.

And so, let DF and E'F meet outside triangle ABC,
again at (point) F', like in the third diagram (from the
left). And let AF, BF, and C'F have been joined. And,
again, since AD is equal to DB, and DF is common and
at right-angles, the base AF' is thus equal to the base BF
[Prop. 1.4]. So, similarly, we can show that C'F' is also
equal to AF. So that BF is also equal to F'C. Thus,
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Eic tov dodévta xOxhov tetpdymvoy eyypddou.
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"Eotw 7 dodeic xOxhog 6 ABTA- §et 87 eic tov ABTA
x0OxAoV TETEEYWVOV EYYEadoL.

"Hydwoav 100 ABI'A x0xhou 800 diduetpol npog 6pddc
dAMhoug o AT, BA, xoi énelebydwoav ai AB, BI', TA,
AA.

Kot énel Ton éotiv 1y BE tfj EA- xévtpov ydp 10 E- xown
0e ol mpog 6pvac f) EA, Bdow dpo 1} AB Bdoet tf] AA Ton
gotlv. O t& adta Of) xol exatépa tav BI', TA éxatépa
v AB, AA fon éotiv: ioémhevpov dpa éott t6 ABTA
TETPATAEUPOY. Aéyw OY), OTL xol dploywviov. Emel yop 1)
BA ebdeia Siduetpoc ot ol ABI'A x0xhou, fuixdxiiov
Gpa eotl 10 BAA- 6ply) dpa ) Uno BAA ywvia. 8 ta
a0Td 81 ol Exdotn ey Uno ABI', BI'A, TAA épd1 éotiv-
opdoyodviov dpa otl 10 ABIA tetpdnhevpoyv. €delydn O
xall ioOTAELPOV" TETEAY VOV Bpa 0TIV, Xol EYYEypamTal eic
wov ABI'A xOxdov.

Eic dpa tov dodévta xixhov tetpdywvov Eyyéypanta
w0 ABT'A- 6nep €del motfioou.

[again] the circle drawn with center F', and radius one
of FA, F'B, and F'C, will also go through the remaining
points. And it will have been circumscribed about trian-
gle ABC.

Thus, a circle has been circumscribed about the given
triangle. (Which is) the very thing it was required to do.

Proposition 6

To inscribe a square in a given circle.

A

C

Let ABCD be the given circle. So it is required to
inscribe a square in circle ABCD.

Let two diameters of circle ABCD, AC and BD, have
been drawn at right-angles to one another.” And let AB,
BC, CD, and DA have been joined.

And since BF is equal to ED, for F (is) the center
(of the circle), and E A is common and at right-angles,
the base AB is thus equal to the base AD [Prop. 1.4].
So, for the same (reasons), each of BC' and CD is equal
to each of AB and AD. Thus, the quadrilateral ABCD
is equilateral. So I say that (it is) also right-angled. For
since the straight-line BD is a diameter of circle ABCD,
BAD is thus a semi-circle. Thus, angle BAD (is) a right-
angle [Prop. 3.31]. So, for the same (reasons), (angles)
ABC, BCD, and CDA are also each right-angles. Thus,
the quadrilateral ABCD is right-angled. And it was also
shown (to be) equilateral. Thus, it is a square [Def. 1.22].
And it has been inscribed in circle ABCD.

Thus, the square ABCD has been inscribed in the
given circle. (Which is) the very thing it was required
to do.

 Presumably, by finding the center of the circle [Prop. 3.1], drawing a line through it, and then drawing a second line through it, at right-angles

to the first [Prop. 1.11].

.

ITepl tov Bodévta xOxhov TeTpdywvov Teptypddoa.

Proposition 7

To circumscribe a square about a given circle.

115



YTOIXEIQN ¢'.

ELEMENTS BOOK 4

"Ectw 6 dodelc xOxhog 6 ABI'A- 8¢l 67 nepl tov ABI'A
%x0xhov TeETEdYWVOV TEpLypddoL.
Z

H A

® r K

"Hydwoav tob ABI'A x0xhou 800 Siduetpol npog 6pddc
dAAAhoug ol AT, BA, ol ua tév A, B, I', A onuelwv fydw-
oav égantopevar ol ABI'A xixhouv ol ZH, HO, OK, KZ.

‘Ernel obv égdnteton i ZH tob ABI'A xOxhov, dno 8¢
w0l E xévtpou énl v xatd 10 A énoagny énéleuxton )
EA, ol dpo mpoc 16 A yowviow dpdal elow. Bd t& adta
on %ol ol mpog toic B, I', A onuelowc yovionw 6pdal eiow.
xal €nel 6p07) €0ty 1) Uno AEB ywvia, éotl 8¢ op0) xol 1)
Ono EBH, mapdhhnhoc dpa €otiv } HO tfj AL Sud to bt
on xai 1 AL tfj ZK éon nopddinhoc. &ote xal ) HO T
ZK éoti napdAAnhoc. opoiwe 81 delfopeyv, &tL xal exotépa
v HZ, OK tfi BEA éotl napdiiniog. mopodAnhoypouyo
Gpa eott o HK, HI', AK, ZB, BK- lon dpa éotiv 0} pév
HZ +fi ©K, n 8¢ HO tfj ZK. xoi énel Ton éotiv /| AL
BA, & xol ) pev AT éxatépa v HO, ZK, 7 8¢ BA
exatépa v HZ, OK éotwv Ton [xol exatépa dpo t6v HO,
ZK éxatépa t6v HZ, OK éotv lon)], lodmheupoy dpo Eoti 10
ZHOK tetpdmievpov. Aéyw 81, 6Tl xol opdoydviov. Emel
Yo mopahAnAdYpopudy €ott 1o HBEA, xal €éotiv 6pim 0
Uno AEB, 6p01) pa xol 7} Und AHB. opolwe 87 deiopev,
STl xal ol Tpog tolc O, K, Z ywvion 6pdal clotv. 6pdoydviov
Gpa eotl 10 ZHOK. edelydn 8¢ xol iodmAeupov: teTpdywvoy
Bpa Eotiv. xol meptyéypantat tepl Tov ABI'A xhxdov.

ITepl tOv dovévTa Spa XOUAOY TETEAY VOV TEPLYEYEUTTOL:

Omep €8el molfjoau.

T See the footnote to the previous proposition.
t See the footnote to Prop. 3.34.

Let ABCD be the given circle. So it is required to
circumscribe a square about circle ABCD.

G A F

H C K

Let two diameters of circle ABCD, AC and BD, have
been drawn at right-angles to one another.” And let FG,
GH, HK, and K F have been drawn through points A,
B, C, and D (respectively), touching circle ABCD.*

Therefore, since F'G touches circle ABCD, and EA
has been joined from the center F to the point of contact
A, the angles at A are thus right-angles [Prop. 3.18]. So,
for the same (reasons), the angles at points B, C, and
D are also right-angles. And since angle AEB is a right-
angle, and E'BG is also a right-angle, GH is thus parallel
to AC [Prop. 1.29]. So, for the same (reasons), AC is
also parallel to FFK. So that GH is also parallel to FFK
[Prop. 1.30]. So, similarly, we can show that GF and
HK are each parallel to BED. Thus, GK, GC, AK, FB,
and BK are (all) parallelograms. Thus, GF is equal to
HK,and GH to FK [Prop. 1.34]. And since AC is equal
to BD, but AC (is) also (equal) to each of GH and F' K,
and BD is equal to each of GF and HK [Prop. 1.34]
[and each of GH and FK is thus equal to each of GF
and HK], the quadrilateral FGHK is thus equilateral.
So I say that (it is) also right-angled. For since GBEA
is a parallelogram, and AEB is a right-angle, AGB is
thus also a right-angle [Prop. 1.34]. So, similarly, we can
show that the angles at H, K, and F are also right-angles.
Thus, FGHK is right-angled. And it was also shown (to
be) equilateral. Thus, it is a square [Def. 1.22]. And it
has been circumscribed about circle ABCD.

Thus, a square has been circumscribed about the
given circle. (Which is) the very thing it was required
to do.
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Eic 10 Sodev tetpdywvov xUxhov eyypddo.
"Eotw 16 8olev tetpdywvov t© ABI'A. 8l o1 el 10
ABTA tetpdywvov xOxhov éyypddor.
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Tetufodw éxatépa v AA, AB dlyo xatd w0 E, Z
onpela, xal 8o pev o0 E onotépa tév AB, I'A napdiinioc
Aiydw 6 EO, 81d 8¢ 1ol Z onotépa tév AA, BI' ntapdiinioc
Axdw N ZK: mapadAnhdypappov dpo EoTlv Exaotov TEHVY
AK, KB, A©, OA, AH, HT', BH, HA, xol ol drevavtiov
aUTEY TAeupal dnhovott loon [elotv]. ol énel Ton éotiv 7
AA 1] AB, xol éott tfic pev AA fuloewa ) AE, tijc ¢ AB
Nuloewa 7 AZ, Ton dpa xol H) AE tfj AZ- dote xol ol dme-
vavtiov: Ton dpa xoi H) ZH tfj HE. opolne 87 delopev, ét
xoll exatépa tesv HO, HK éxotépq tév ZH, HE éotwv lon
ol téooapec dpa of HE, HZ, HO, HK loo dhAhouc [elotv].
6 Bpa xévtpe pev 16 H dSwotiuatt 8t el tév E, Z, 0, K
#x0xho¢ Ypupouevog HEeL ol Bl TEV Aoy onuelwv: xal
gpddeton tiv AB, BI', A, AA eddeiiv dia t0 dpdac eivan
Ta¢ mpog toic E, Z, 0, K ywviog: €l yap teyel 6 x0xAog tdc
AB, BI', TA, AA, W tfj dwpétpe 100 x0xhouv mpog dpddc
an” dxpoc dyouévr Evtog neoeitan Tob xUxhou: émep dtonov
€delydn. o0x dpa 6 xévtpw 16 H daotruartt de eVl @&V E,
Z, 9, K xixhog ypagouevog tepel tac AB, BI', TA, AA
ebleloc. épddetan dpa adTEY xal Eoton EyYyeEYpaUUPEVOS Elc
w0 ABT'A tetpdymvov.

Eic dpa 16 800ty Tetpdywvov xOxhog Eyyéypamta:
omep Edel moLfjoou.

V.

ITepl T dolev teTpdywvov xOxhov neptypdda.
"Eotw 16 dodev tetpdywvov 10 ABIA- 8¢l o7 nepl 10
ABT'A tetpdywvov xixhov meplypdia.

Proposition 8

To inscribe a circle in a given square.
Let the given square be ABCD. So it is required to
inscribe a circle in square ABCD.

A E D

B H C

Let AD and AB each have been cut in half at points £
and F (respectively) [Prop. 1.10]. And let £ H have been
drawn through F, parallel to either of AB or C'D, and let
F K have been drawn through F, parallel to either of AD
or BC [Prop. 1.31]. Thus, AK, KB, AH, HD, AG, GC,
BG@, and G D are each parallelograms, and their opposite
sides [are] manifestly equal [Prop. 1.34]. And since AD
is equal to AB, and AFE is half of AD, and AF half of
AB, AF (is) thus also equal to AF'. So that the opposite
(sides are) also (equal). Thus, F'G (is) also equal to GE.
So, similarly, we can also show that each of GH and GK
is equal to each of FG and GE. Thus, the four (straight-
lines) GE, GF, GH, and GK [are] equal to one another.
Thus, the circle drawn with center GG, and radius one of
E, F, H, or K, will also go through the remaining points.
And it will touch the straight-lines AB, BC, CD, and
DA, on account of the angles at FE, F,, H, and K being
right-angles. For if the circle cuts AB, BC, CD, or DA,
then a (straight-line) drawn at right-angles to a diameter
of the circle, from its extremity, will fall inside the circle.
The very thing was shown (to be) absurd [Prop. 3.16].
Thus, the circle drawn with center G, and radius one of
E, F, H, or K, does not cut the straight-lines AB, BC,
CD, or DA. Thus, it will touch them, and will have been
inscribed in the square ABCD.

Thus, a circle has been inscribed in the given square.
(Which is) the very thing it was required to do.

Proposition 9

To circumscribe a circle about a given square.
Let ABCD be the given square. So it is required to
circumscribe a circle about square ABCD.
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Kot énel Ton éotiv 1 AA tfj AB, xown 8¢ 1 AL, 80o
on ot AA, AT Suol wic BA, AT Toa elotv: xal Bdoic 7
AT Bdoer tfj BI' Ton yovia dpa 1) Uno AAT ywvia tf o
BAT fon éotiv: 7 dpa Und AAB ywvia Siya tétunton OO
tfic AI'. buoiwc 81 del€opev, 6Tl xal Exdotn &y bro ABI,
BT'A, TAA 8iyoa tétunton Ono tév AL, AB eb0eidv. xal
gnel {on éotlv 1 Uno AAB vyovia tfj Ono ABI, xol éott
Tfic uev Uno AAB nuloewo N Uno EAB, tfic 8¢ Ono ABI
Nuioewa ) Ono EBA, xoi 7} bno EAB &pa tf) Und EBA £otwy
lon dote xal mhevpd | EA tff EB éotwv Ton. ouolne o7
del€opev, &TL xol Exatépa tév EA, EB [c00eév] exatépy
v EI', EA Ton éotlv. ol téooapec dpo ol EA, EB, EI,
EA Toou ddfhau elotv. o dpa xévtpw 16 E xol Stoeotipott
evl v A, B, I', A x0xhog ypagpduevog Eet xal Bid TV
Aoy onuelwy xal Eoton meptyeypapuévos tepl T ABI'A
TeTpdywvov. meptyeypdpdw dc 6 ABTA.

TTept to do¥ev dpa tetpdywvov xOxhog meplyéypamton’
Omep €8el molfjoa.

V.

Toooxehéc tplywvov cuotioacdor Eyov Exatépay T&HY
Tpo¢ Tfj Bdoel Yowdsy dimhaciova tfic Aoinfic.

‘Exxeicdw tic eddeio 1 AB, xai tetpriodw xotd o
I' onuelov, &ote 1o Ono twv AB, BI' nepieyduevov
o6pdoyoviov Toov elvar ¢ ano tfic TA tetpaydve: xal
(Ve 16 A xal SotAuott 1@ AB xOxhoc veypdpdw
6 BAE, xai évnpuéodw eic tov BAE x0xdov tfj A" edldela
un peilowt otion tfic 1ol BAE xxhou diopéteou Ton ebdeia
N BA- xol énelebydooay ai AA, AT, xal nepryeypdpdw
nepl 10 ATA tpiywvov xdxhog 6 ATA.

AC and BD being joined, let them cut one another at
E.

A

C

And since DA is equal to AB, and AC (is) common,
the two (straight-lines) DA, AC are thus equal to the two
(straight-lines) BA, AC. And the base DC' (is) equal to
the base BC. Thus, angle DAC is equal to angle BAC
[Prop. 1.8]. Thus, the angle DAB has been cut in half
by AC'. So, similarly, we can show that ABC, BC'D, and
C'D A have each been cut in half by the straight-lines AC
and DB. And since angle DAB is equal to ABC, and
EAB is half of DAB, and EBA half of ABC, EAB is
thus also equal to EBA. So that side F'A is also equal
to EB [Prop. 1.6]. So, similarly, we can show that each
of the [straight-lines] EA and EB are also equal to each
of EC and ED. Thus, the four (straight-lines) FA, EB,
EC, and ED are equal to one another. Thus, the circle
drawn with center F, and radius one of A, B, C, or D,
will also go through the remaining points, and will have
been circumscribed about the square ABCD. Let it have
been (so) circumscribed, like ABC D (in the figure).

Thus, a circle has been circumscribed about the given
square. (Which is) the very thing it was required to do.

Proposition 10

To construct an isosceles triangle having each of the
angles at the base double the remaining (angle).

Let some straight-line AB be taken, and let it have
been cut at point C so that the rectangle contained by
AB and BC is equal to the square on C'A [Prop. 2.11].
And let the circle BDE have been drawn with center A,
and radius AB. And let the straight-line BD, equal to
the straight-line AC, being not greater than the diame-
ter of circle BDE, have been inserted into circle BDE
[Prop. 4.1]. And let AD and DC have been joined. And
let the circle AC D have been circumscribed about trian-
gle AC'D [Prop. 4.5].
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Kol énel 1o Ono v AB, BI Toov éotl 6 and tijc
AT, Ton 8¢ f AT tff BA, 16 dpa Uno v AB, BI' loov
gotl 16 &mo tiic BA. xal énel x0xhouv 100 ATA elnrral Tt
onuelov éxtog 1o B, xal dnd 1ol B npog tov ATA xixhov
npoomentdxoct Vo evleion ai BA, BA, xol 1 pev adtév
TéuveL, N 08 mpoomintel, xal €oTt T Uno v AB, BT loov
6 ano tfic BA, 7 BA 8pa épdntetar 1ol ATA xOxhov. énel
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oupetan | AL, 1) dpa 0o BAT yowd fon éotl tff év 8
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fon ¢otiv | o BAT tfj Uno AAT, xowy, npooxeiciw 7
Ono TAA- 6\ dpa 1) o BAA Tor éotl Suat toic bmo TAA,
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fon. ol Tpeic dpa of bmo BAA, ABA, BI'A oo dAhAhoug
elotv. xal énel Ton éotiv N} bno ABIT ywvia tfj bno BT'A,
lon éotl xal mhevpd 1| BA mieupd tfj AL dAha 1 BA =
T'A Ondxertan Ton: xal ) TA dpa tfj TA éotwv Ton dote xal
yovio /) bno TAA yovia tff Ono AAT éotw Ton ol dpa
oo TAA, AAT +fic bndo AAT eiol dumhaoiovs. Ton 8¢ 7
Ono BIA vtoiic bno TAA, AAT xoi 7} o BIA dpa tfic Uno
TAA gou dunAf). Ton 6e 1) Ono BI'A exotépq tév bno BAA,
ABA- xai éxotépa dpa @SV Uno BAA, ABA tiic bno AAB
goTl BLTAT.

Toooxehéc dpa tplywvov ouvéotatoaw 10 ABA E€yov
exatépoy v mpoc Tfj AB Bdoel yowdy dimhaoctova Tiic
hownfic: Onep Edel moLfjoou.
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And since the (rectangle contained) by AB and BC
is equal to the (square) on AC, and AC (is) equal to
BD, the (rectangle contained) by AB and BC is thus
equal to the (square) on BD. And since some point B
has been taken outside of circle AC'D, and two straight-
lines BA and BD have radiated from B towards the cir-
cle ACD, and (one) of them cuts (the circle), and (the
other) meets (the circle), and the (rectangle contained)
by AB and BC is equal to the (square) on BD, BD thus
touches circle ACD [Prop. 3.37]. Therefore, since BD
touches (the circle), and DC has been drawn across (the
circle) from the point of contact D, the angle BDC is
thus equal to the angle DAC in the alternate segment of
the circle [Prop. 3.32]. Therefore, since BDC' is equal
to DAC, let CDA have been added to both. Thus, the
whole of BDA is equal to the two (angles) CDA and
DAC. But, the external (angle) BCD is equal to CDA
and DAC [Prop. 1.32]. Thus, BDA is also equal to
BCD. But, BDA is equal to CBD, since the side AD is
also equal to AB [Prop. 1.5]. So that DBA is also equal
to BC'D. Thus, the three (angles) BDA, DBA, and BCD
are equal to one another. And since angle DBC is equal
to BCD, side BD is also equal to side DC' [Prop. 1.6].
But, BD was assumed (to be) equal to CA. Thus, CA
is also equal to C'D. So that angle C'D A is also equal to
angle DAC [Prop. 1.5]. Thus, CDA and DAC is double
DAC. But BCD (is) equal to CDA and DAC. Thus,
BCD is also double CAD. And BCD (is) equal to to
each of BDA and DBA. Thus, BDA and DBA are each
double DAB.

Thus, the isosceles triangle ABD has been con-
structed having each of the angles at the base BD double
the remaining (angle). (Which is) the very thing it was
required to do.

Proposition 11

To inscribe an equilateral and equiangular pentagon
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xal looywviov Teplypdda.

in a given circle.

A
B E [\
C D G H

Let ABCDE be the given circle. So it is required to
inscribed an equilateral and equiangular pentagon in cir-
cle ABCDE.

Let the the isosceles triangle FGH be set up hav-
ing each of the angles at G and H double the (angle)
at F' [Prop. 4.10]. And let triangle AC'D, equiangular
to FGH, have been inscribed in circle ABCDE, such
that CAD is equal to the angle at F', and the (angles)
at G and H (are) equal to ACD and CDA, respectively
[Prop. 4.2]. Thus, ACD and CDA are each double
CAD. Solet ACD and C'DA have been cut in half by
the straight-lines CFE and DB, respectively [Prop. 1.9].
And let AB, BC, DE and E A have been joined.

Therefore, since angles AC'D and C DA are each dou-
ble C AD, and are cut in half by the straight-lines CE and
DB, the five angles DAC, ACE, ECD, CDB, and BDA
are thus equal to one another. And equal angles stand
upon equal circumferences [Prop. 3.26]. Thus, the five
circumferences AB, BC, CD, DE, and EA are equal to
one another [Prop. 3.29]. Thus, the pentagon ABCDE
is equilateral. So I say that (it is) also equiangular. For
since the circumference AB is equal to the circumfer-
ence DFE, let BCD have been added to both. Thus, the
whole circumference ABCD is equal to the whole cir-
cumference EDCB. And the angle AED stands upon
circumference ABCD, and angle BAE upon circumfer-
ence EDCB. Thus, angle BAFE is also equal to AED
[Prop. 3.27]. So, for the same (reasons), each of the an-
gles ABC, BC'D, and CDE is also equal to each of BAE
and AED. Thus, pentagon ABCDE is equiangular. And
it was also shown (to be) equilateral.

Thus, an equilateral and equiangular pentagon has
been inscribed in the given circle. (Which is) the very
thing it was required to do.

Proposition 12

To circumscribe an equilateral and equiangular pen-
tagon about a given circle.
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Let ABCDE be the given circle. So it is required
to circumscribe an equilateral and equiangular pentagon
about circle ABCDE.

Let A, B, C, D, and E have been conceived as the an-
gular points of a pentagon having been inscribed (in cir-
cle ABCDE) [Prop. 3.11], such that the circumferences
AB, BC,CD, DE, and EA are equal. And let GH, HK,
KL, LM, and MG have been drawn through (points) A,
B, C, D, and E (respectively), touching the circle.” And
let the center I of the circle ABCDE have been found
[Prop. 3.1]. And let FB, FK, FC, FL, and F'D have
been joined.

And since the straight-line K L touches (circle) ABCDFE
at C, and FC has been joined from the center F' to the
point of contact C, FC is thus perpendicular to KL
[Prop. 3.18]. Thus, each of the angles at C' is a right-
angle. So, for the same (reasons), the angles at B and
D are also right-angles. And since angle FCK is a right-
angle, the (square) on F'K is thus equal to the (sum of
the squares) on FC' and CK [Prop. 1.47]. So, for the
same (reasons), the (square) on F'K is also equal to the
(sum of the squares) on F'B and BK. So that the (sum
of the squares) on F'C and CK is equal to the (sum of
the squares) on F'B and BK, of which the (square) on
FC is equal to the (square) on F'B. Thus, the remain-
ing (square) on CK is equal to the remaining (square)
on BK. Thus, BK (is) equal to CK. And since F'B is
equal to F'C, and F'K (is) common, the two (straight-
lines) BF, F'K are equal to the two (straight-lines) CF,
FK. And the base BK [is] equal to the base CK. Thus,
angle BFK is equal to [angle] KFC [Prop. 1.8]. And
BKF (is equal) to FKC [Prop. 1.8]. Thus, BFC (is)
double K FC, and BKC (is double) FKC. So, for the
same (reasons), CF'D is also double CFL, and DLC (is
also double) F'LC'. And since circumference BC is equal
to CD, angle BFC is also equal to CFD [Prop. 3.27].
And BFC is double KFC, and DFC (is double) LFC.
Thus, K FC is also equal to LF'C. And angle FFCK is also
equal to F'CL. So, FKC and FLC are two triangles hav-
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ing two angles equal to two angles, and one side equal
to one side, (namely) their common (side) F'C. Thus,
they will also have the remaining sides equal to the (cor-
responding) remaining sides, and the remaining angle to
the remaining angle [Prop. 1.26]. Thus, the straight-line
KC (is) equal to CL, and the angle FKC to FLC. And
since KC' is equal to CL, KL (is) thus double KC. So,
for the same (reasons), it can be shown that H K (is) also
double BK. And BK is equal to KC. Thus, HK is also
equal to K L. So, similarly, each of HG, GM, and ML
can also be shown (to be) equal to each of HK and K L.
Thus, pentagon GH K LM is equilateral. So I say that
(it is) also equiangular. For since angle F K C is equal to
FLC, and HKL was shown (to be) double FKC, and
KLM double FLC, HKL is thus also equal to KLM.
So, similarly, each of KHG, HGM, and GM L can also
be shown (to be) equal to each of H KL and K LM. Thus,
the five angles GHK, HKL, KLM, LMG, and MGH
are equal to one another. Thus, the pentagon GH K LM
is equiangular. And it was also shown (to be) equilateral,
and has been circumscribed about circle ABCDE.

[Thus, an equilateral and equiangular pentagon has
been circumscribed about the given circle]. (Which is)
the very thing it was required to do.

Proposition 13

To inscribe a circle in a given pentagon, which is equi-
lateral and equiangular.

A

G M

C K D

Let ABCDFE be the given equilateral and equiangular
pentagon. So it is required to inscribe a circle in pentagon
ABCDE.

For let angles BCD and CDFE have each been cut
in half by each of the straight-lines CF and DF' (re-
spectively) [Prop. 1.9]. And from the point F', at which
the straight-lines CF' and DF meet one another, let the
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straight-lines F'B, F'A, and F'FE have been joined. And
since BC is equal to CD, and CF (is) common, the two
(straight-lines) BC, C'F' are equal to the two (straight-
lines) DC, CF. And angle BCF [is] equal to angle
DCF. Thus, the base BF is equal to the base DF, and
triangle BC'F is equal to triangle DCF', and the remain-
ing angles will be equal to the (corresponding) remain-
ing angles which the equal sides subtend [Prop. 1.4].
Thus, angle CBF (is) equal to CDF. And since CDE
is double CDF, and CDF (is) equal to ABC, and CDF
to CBF, CBA is thus also double CBF. Thus, angle
ABF is equal to F'BC. Thus, angle ABC has been cut
in half by the straight-line BF'. So, similarly, it can be
shown that BAE and AED have been cut in half by the
straight-lines F'A and F'E, respectively. So let FG, FH,
FK, FL, and FM have been drawn from point F, per-
pendicular to the straight-lines AB, BC, CD, DE, and
E A (respectively) [Prop. 1.12]. And since angle HCF
is equal to KCF, and the right-angle FHC is also equal
to the [right-angle] FKC, FHC and FKC are two tri-
angles having two angles equal to two angles, and one
side equal to one side, (namely) their common (side) F'C,
subtending one of the equal angles. Thus, they will also
have the remaining sides equal to the (corresponding)
remaining sides [Prop. 1.26]. Thus, the perpendicular
FH (is) equal to the perpendicular FK. So, similarly, it
can be shown that F L, FM, and FG are each equal to
each of FH and FK. Thus, the five straight-lines F'G,
FH, FK, FL, and FM are equal to one another. Thus,
the circle drawn with center F, and radius one of G, H,
K, L, or M, will also go through the remaining points,
and will touch the straight-lines AB, BC, CD, DE, and
E A, on account of the angles at points G, H, K, L, and
M being right-angles. For if it does not touch them, but
cuts them, it follows that a (straight-line) drawn at right-
angles to the diameter of the circle, from its extremity,
falls inside the circle. The very thing was shown (to be)
absurd [Prop. 3.16]. Thus, the circle drawn with center
F, and radius one of G, H, K, L, or M, does not cut
the straight-lines AB, BC, CD, DE, or EA. Thus, it will
touch them. Let it have been drawn, like GHK LM (in
the figure).

Thus, a circle has been inscribed in the given pen-
tagon which is equilateral and equiangular. (Which is)
the very thing it was required to do.

Proposition 14

To circumscribe a circle about a given pentagon which
is equilateral and equiangular.
Let ABCDE be the given pentagon which is equilat-

123



YTOIXEIQN ¢'.

ELEMENTS BOOK 4

looydviov, 10 ABI'AE: 8¢t 61 nepl 10 ABI'AE nevtdywvov
x0Oxhov meptypdia.

A

r A

Tetufodw b7 éxatépa v Ondo BI'A, TAE yowéy
Biyo Omo éxatépac v I'Z, AZ, xol dno tol Z onueiov,
xad” 6 ouuPBdihouoty ol evdeion, éml to B, A, E onueia
gneledydwoay edlelon ol ZB, ZA, ZE. ouoinc 31 16 mpod
ToUTou delytoetan, 6Tl xol Exdotn t&v Uno I'BA, BAE,
AEA ywwidv dlya tétunton Uno exdotng ey ZB, ZA, ZE
ebde®dv. xai énel lon éotiv 1) Uno BI'A ywvia tfj bno TAE,
xail €0t Tiic wev o BIA fuloewo 7y Ond ZT'A, tiic 8¢ Ono
I'AE fpioewo ) Ono TAZ, xoi ) Ono ZIA dpa tfj Und ZAT
goty Ton dote xol mievpd 1 ZI' mhevpd tfj ZA éotwy Tom.
ouolwe 81 deuydnoetan, &TL xol Exdotn w6V ZB, ZA, ZE
exatépq @V ZI, ZA éonv Ton ol névte dpa eddelon ai
ZA, 7B, 7T, ZA, ZE Toou dA\Ahauc elotv. 6 8po xévtpw
6 Z xol dothuatt et ey ZA, ZB, ZI', ZA, ZE xdxhog
yoapbuevos HiEel xal did TV howndy onuelowy xol oo me-
plyeypappévoc. meplyeypdpin xal €otw 0 ABI'AE.

TTepl dpo 6 Bodev mevidywvov, 6 EoTy I0OTAELPOY TE
xal {ooywviov, xUxhog meptyéypantal 6nep Edel ToLfioou.

i€’

Eic tov 8o¥évta xOxhov e€dywvov lo6mAeupdy te ol
looydviov éyypddon.

"Eotw 6 Soldelc xdxhoc 6 ABIAEZ- 8¢t o1 eic tov
ABT'AEZ xOxhov €€dywvov icdmhevpdy € %ol l00YMVIOY
eyypddou.

"Hydo 1ol ABI'AEZ xixhou diduetpoc  AA, xol
eiMpdo TO xévtpov oD xOxhou 0 H, xol xévipw pev
w6 A Swothuott 8¢ 6 AH xOxhog yeypdpdw 6 EHI'O,
xai émlevyVeioo ol EH, I'H Sijydwoayv énl ta B, Z onpeia,
xol éneledydwoav ai AB, BI', TA, AE, EZ, ZA- Aéyw, 6t

eral and equiangular. So it is required to circumscribe a
circle about the pentagon ABCDE.

A

D

So let angles BC'D and C' DE have been cut in half by
the (straight-lines) CF and DF, respectively [Prop. 1.9].
And let the straight-lines F'B, F'A, and FE have been
joined from point F, at which the straight-lines meet,
to the points B, A, and E (respectively). So, similarly,
to the (proposition) before this (one), it can be shown
that angles CBA, BAFE, and AED have also been cut
in half by the straight-lines F'B, FA, and FFE, respec-
tively. And since angle BC'D is equal to CDFE, and FCD
is half of BCD, and CDF half of CDE, FCD is thus
also equal to F'DC'. So that side F'C is also equal to side
F'D [Prop. 1.6]. So, similarly, it can be shown that F'B,
F A, and FE are also each equal to each of F'C and FD.
Thus, the five straight-lines FA, FB, FC, F'D, and FE
are equal to one another. Thus, the circle drawn with
center F, and radius one of FFA, FB, FFC, FD, or F'E,
will also go through the remaining points, and will have
been circumscribed. Let it have been (so) circumscribed,
and let it be ABCDE.

Thus, a circle has been circumscribed about the given
pentagon, which is equilateral and equiangular. (Which
is) the very thing it was required to do.

Proposition 15

To inscribe an equilateral and equiangular hexagon in
a given circle.

Let ABCDEF be the given circle. So it is required to
inscribe an equilateral and equiangular hexagon in circle
ABCDEF.

Let the diameter AD of circle ABCDEF have been
drawn,’ and let the center G of the circle have been
found [Prop. 3.1]. And let the circle EGCH have been
drawn, with center D, and radius DG. And EG and CG
being joined, let them have been drawn across (the cir-
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cle) to points B and F' (respectively). And let AB, BC,
CD, DE, EF, and F A have been joined. I say that the
hexagon ABCDEF is equilateral and equiangular.

H

For since point G is the center of circle ABCDEF,
GE is equal to GD. Again, since point D is the cen-
ter of circle GCH, DF is equal to DG. But, GE was
shown (to be) equal to GD. Thus, GE is also equal to
ED. Thus, triangle EGD is equilateral. Thus, its three
angles FGD, GDE, and DEG are also equal to one an-
other, inasmuch as the angles at the base of isosceles tri-
angles are equal to one another [Prop. 1.5]. And the
three angles of the triangle are equal to two right-angles
[Prop. 1.32]. Thus, angle EGD is one third of two right-
angles. So, similarly, DGC can also be shown (to be)
one third of two right-angles. And since the straight-line
CG, standing on E B, makes adjacent angles FGC and
CGB equal to two right-angles [Prop. 1.13], the remain-
ing angle CGB is thus also one third of two right-angles.
Thus, angles EGD, DGC, and CGB are equal to one an-
other. And hence the (angles) opposite to them BGA,
AGF, and FGE are also equal [to EGD, DGC, and
CGB (respectively)] [Prop. 1.15]. Thus, the six angles
EGD, DGC, CGB, BGA, AGF, and FGE are equal
to one another. And equal angles stand on equal cir-
cumferences [Prop. 3.26]. Thus, the six circumferences
AB, BC, CD, DE, EF, and FA are equal to one an-
other. And equal circumferences are subtended by equal
straight-lines [Prop. 3.29]. Thus, the six straight-lines
(AB, BC, CD, DE, EF, and FA) are equal to one
another. Thus, hexagon ABCDEF is equilateral. So,
I say that (it is) also equiangular. For since circumfer-
ence F'A is equal to circumference E D, let circumference
ABCD have been added to both. Thus, the whole of
FABCD is equal to the whole of EDCBA. And angle
FED stands on circumference FABC D, and angle AF'E
on circumference EDCBA. Thus, angle AFFE is equal
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to DEF [Prop. 3.27]. Similarly, it can also be shown
that the remaining angles of hexagon ABCDEF are in-
dividually equal to each of the angles AFE and FED.
Thus, hexagon ABCDEF is equiangular. And it was also
shown (to be) equilateral. And it has been inscribed in
circle ABCDE.

Thus, an equilateral and equiangular hexagon has
been inscribed in the given circle. (Which is) the very
thing it was required to do.

Corollary

So, from this, (it is) manifest that a side of the
hexagon is equal to the radius of the circle.

And similarly to a pentagon, if we draw tangents
to the circle through the (sixfold) divisions of the (cir-
cumference of the) circle, an equilateral and equiangu-
lar hexagon can be circumscribed about the circle, analo-
gously to the aforementioned pentagon. And, further, by
(means) similar to the aforementioned pentagon, we can
inscribe and circumscribe a circle in (and about) a given
hexagon. (Which is) the very thing it was required to do.

Proposition 16

To inscribe an equilateral and equiangular fifteen-
sided figure in a given circle.

A

c\\ %D
S

Let ABCD be the given circle. So it is required to in-
scribe an equilateral and equiangular fifteen-sided figure
in circle ABCD.

Let the side AC of an equilateral triangle inscribed
in (the circle) [Prop. 4.2], and (the side) AB of an (in-
scribed) equilateral pentagon [Prop. 4.11], have been in-
scribed in circle ABC'D. Thus, just as the circle ABCD
is (made up) of fifteen equal pieces, the circumference
ABC, being a third of the circle, will be (made up) of five
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such (pieces), and the circumference AB, being a fifth of
the circle, will be (made up) of three. Thus, the remain-
der BC (will be made up) of two equal (pieces). Let (cir-
cumference) BC have been cut in half at F [Prop. 3.30].
Thus, each of the circumferences BE and EC is one fif-
teenth of the circle ABCDE.

Thus, if, joining BE and EC, we continuously in-
sert straight-lines equal to them into circle ABCDIE]
[Prop. 4.1], then an equilateral and equiangular fifteen-
sided figure will have been inserted into (the circle).
(Which is) the very thing it was required to do.

And similarly to the pentagon, if we draw tangents to
the circle through the (fifteenfold) divisions of the (cir-
cumference of the) circle, we can circumscribe an equilat-
eral and equiangular fifteen-sided figure about the circle.
And, further, through similar proofs to the pentagon, we
can also inscribe and circumscribe a circle in (and about)
a given fifteen-sided figure. (Which is) the very thing it
was required to do.
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Proportio

TThe theory of proportion set out in this book is generally attributed to Eudoxus of Cnidus. The novel feature of this theory is its ability to deal
with irrational magnitudes, which had hitherto been a major stumbling block for Greek mathematicians. Throughout the footnotes in this book,
a, B, v, etc., denote general (possibly irrational) magnitudes, whereas m, n, [, etc., denote positive integers.
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Definitions

1. A magnitude is a part of a(nother) magnitude, the
lesser of the greater, when it measures the greater."

2. And the greater (magnitude is) a multiple of the
lesser when it is measured by the lesser.

3. A ratio is a certain type of condition with respect to
size of two magnitudes of the same kind.*

4. (Those) magnitudes are said to have a ratio with re-
spect to one another which, being multiplied, are capable
of exceeding one another.’

5. Magnitudes are said to be in the same ratio, the first
to the second, and the third to the fourth, when equal
multiples of the first and the third either both exceed, are
both equal to, or are both less than, equal multiples of the
second and the fourth, respectively, being taken in corre-
sponding order, according to any kind of multiplication
whatever. Y

6. And let magnitudes having the same ratio be called
proportional.*

7. And when for equal multiples (as in Def. 5), the
multiple of the first (magnitude) exceeds the multiple of
the second, and the multiple of the third (magnitude)
does not exceed the multiple of the fourth, then the first
(magnitude) is said to have a greater ratio to the second
than the third (magnitude has) to the fourth.

8. And a proportion in three terms is the smallest
(possible).®

9. And when three magnitudes are proportional, the
first is said to have to the third the squared! ratio of that
(it has) to the second.f

10. And when four magnitudes are (continuously)
proportional, the first is said to have to the fourth the
cubed?* ratio of that (it has) to the second.®® And so on,
similarly, in successive order, whatever the (continuous)
proportion might be.

11. These magnitudes are said to be corresponding
(magnitudes): the leading to the leading (of two ratios),
and the following to the following.

12. An alternate ratio is a taking of the (ratio of the)
leading (magnitude) to the leading (of two equal ratios),
and (setting it equal to) the (ratio of the) following (mag-
nitude) to the following. 19

13. An inverse ratio is a taking of the (ratio of the) fol-
lowing (magnitude) as the leading and the leading (mag-
nitude) as the following.**

14. A composition of a ratio is a taking of the (ratio of
the) leading plus the following (magnitudes), as one, to
the following (magnitude) by itself.®$
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T In other words, « is said to be a part of 3if 3 = m a.

15. A separation of a ratio is a taking of the (ratio
of the) excess by which the leading (magnitude) exceeds
the following to the following (magnitude) by itself.!

16. A conversion of a ratio is a taking of the (ratio
of the) leading (magnitude) to the excess by which the
leading (magnitude) exceeds the following.

17. There being several magnitudes, and other (mag-
nitudes) of equal number to them, (which are) also in the
same ratio taken two by two, a ratio via equality (or ex
aequali) occurs when as the first is to the last in the first
(set of) magnitudes, so the first (is) to the last in the sec-
ond (set of) magnitudes. Or alternately, (it is) a taking of
the (ratio of the) outer (magnitudes) by the removal of
the inner (magnitudes).*

18. There being three magnitudes, and other (magni-
tudes) of equal number to them, a perturbed proportion
occurs when as the leading is to the following in the first
(set of) magnitudes, so the leading (is) to the following
in the second (set of) magnitudes, and as the following
(is) to some other (i.e., the remaining magnitude) in the
first (set of) magnitudes, so some other (is) to the leading
in the second (set of) magnitudes. %58

* In modern notation, the ratio of two magnitudes, o and 3, is denoted « : 3.

§ In other words, « has a ratio with respect to 8 if m o > 8 and n 3 > a, for some m and n.

9 In other words, a : 8 :: v : § if and only if m « > n 3 whenever m~ > nd, and m « = n 3 whenever m~ = n§, and ma < n 3 whenever

m~y < nd, for all m and n. This definition is the kernel of Eudoxus’ theory of proportion, and is valid even if a, (3, etc., are irrational.

* Thus if o and 3 have the same ratio as v and § then they are proportional. In modern notation, « : 3 :: v : 4.

$ In modern notation, a proportion in three terms—a, 3, and y—is written: o : 8 :: 3 : 7.

I Literally, “double”.

1 In other words, if « : B:: B : ythena : vy :: a?: 32,

t Literally, “triple”.

88 In other words, if a : B:: B:v::v:dthena:6::ad: 83,

99 In other words, if o : 3 :: v : § then the alternate ratio corresponds to o : v :: 3 : 6.

** In other words, if o : 3 then the inverse ratio corresponds to 3 : a.

% In other words, if « : 3 then the composed ratio corresponds to o + 3 : 3.

Il In other words, if o : 8 then the separated ratio corresponds to o« — 3 : 3.

11 In other words, if o : 3 then the converted ratio corresponds to o : o« — 3.

41 In other words, if o, 8, are the first set of magnitudes, and d, ¢, ¢ the second set,and o : 3 : 7 :: & : € : ¢, then the ratio via equality (or ex

aequali) correspondsto cv : y :: § : (.

888 In other words, if «, 8, 7 are the first set of magnitudes, and &, ¢, ¢ the second set, and o : 3 :: § : eas well as 8 : v :: ¢ : §, then the proportion

is said to be perturbed.

’

.
‘Edv 1] onocooby yeyédn onocwvodv peyeddsy lowv 1o
nAidoc Exaotov Exdotou iodxic TolanAdoilov, 66ATALGLOV
gotv Ev BV ueyeddv €vog, tocautanAdolo EoTon xol TA

Proposition 17

If there are any number of magnitudes whatsoever
(which are) equal multiples, respectively, of some (other)
magnitudes, of equal number (to them), then as many
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times as one of the (first) magnitudes is (divisible) by
one (of the second), so many times will all (of the first
magnitudes) also (be divisible) by all (of the second).

A G BC H D

E——— F—

Let there be any number of magnitudes whatsoever,
AB, CD, (which are) equal multiples, respectively, of
some (other) magnitudes, F, F, of equal number (to
them). I say that as many times as AB is (divisible) by F,
so many times will AB, C'D also be (divisible) by F, F.

For since AB, C'D are equal multiples of F, F, thus
as many magnitudes as (there) are in AB equal to F, so
many (are there) also in CD equal to F. Let AB have
been divided into magnitudes AG, GB, equal to E, and
CD into (magnitudes) CH, HD, equal to F. So, the
number of (divisions) AG, GB will be equal to the num-
ber of (divisions) CH, HD. And since AG is equal to F,
and CH to F, AG (is) thus equal to F, and AG, CH to F,
F. So, for the same (reasons), GB is equal to F, and GB,
HD to E, F. Thus, as many (magnitudes) as (there) are
in AB equal to F, so many (are there) also in AB, CD
equal to F, F'. Thus, as many times as AB is (divisible)
by E, so many times will AB, C'D also be (divisible) by
E,F.

Thus, if there are any number of magnitudes what-
soever (which are) equal multiples, respectively, of some
(other) magnitudes, of equal number (to them), then as
many times as one of the (first) magnitudes is (divisi-
ble) by one (of the second), so many times will all (of the
first magnitudes) also (be divisible) by all (of the second).
(Which is) the very thing it was required to show.

t In modern notation, this proposition reads ma +mg+--- =m(a+ 6+ ---).

B
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Bevtépou lodic Eotar molhamhdotov xol teltov xal Extov
TETEETOL.

Ie@tov yap 16 AB deutépou t0d I' lodmic €0t moA-
hamhdotov xol tpitov 10 AE tetdptou 10l Z, Eotw de %ol
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Proposition 27

If a first (magnitude) and a third are equal multiples
of a second and a fourth (respectively), and a fifth (mag-
nitude) and a sixth (are) also equal multiples of the sec-
ond and fourth (respectively), then the first (magnitude)
and the fifth, being added together, and the third and the
sixth, (being added together), will also be equal multiples
of the second (magnitude) and the fourth (respectively).

For let a first (magnitude) AB and a third DE be
equal multiples of a second C and a fourth F' (respec-
tively). And let a fifth (magnitude) BG and a sixth EH
also be (other) equal multiples of the second C' and the
fourth F' (respectively). I say that the first (magnitude)
and the fifth, being added together, (to give) AG, and the
third (magnitude) and the sixth, (being added together,
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to give) DH, will also be equal multiples of the second
(magnitude) C and the fourth F' (respectively).

A B G

Cr—

Fr——

For since AB and DF are equal multiples of C' and F’
(respectively), thus as many (magnitudes) as (there) are
in AB equal to C, so many (are there) also in DF equal to
F. And so, for the same (reasons), as many (magnitudes)
as (there) are in BG equal to C, so many (are there)
also in EH equal to F'. Thus, as many (magnitudes) as
(there) are in the whole of AG equal to C, so many (are
there) also in the whole of D H equal to F'. Thus, as many
times as AG is (divisible) by C, so many times will DH
also be divisible by F. Thus, the first (magnitude) and
the fifth, being added together, (to give) AG, and the
third (magnitude) and the sixth, (being added together,
to give) DH, will also be equal multiples of the second
(magnitude) C and the fourth F' (respectively).

Thus, if a first (magnitude) and a third are equal mul-
tiples of a second and a fourth (respectively), and a fifth
(magnitude) and a sixth (are) also equal multiples of the
second and fourth (respectively), then the first (magni-
tude) and the fifth, being added together, and the third
and sixth, (being added together), will also be equal mul-
tiples of the second (magnitude) and the fourth (respec-
tively). (Which is) the very thing it was required to show.

Proposition 37

If a first (magnitude) and a third are equal multiples
of a second and a fourth (respectively), and equal multi-
ples are taken of the first and the third, then, via equality,
the (magnitudes) taken will also be equal multiples of the
second (magnitude) and the fourth, respectively.

For let a first (magnitude) A and a third C be equal
multiples of a second B and a fourth D (respectively),
and let the equal multiples E'F' and G H have been taken
of A and C (respectively). I say that FF' and GH are
equal multiples of B and D (respectively).

For since EF and GH are equal multiples of A and
C' (respectively), thus as many (magnitudes) as (there)
are in E'F equal to A, so many (are there) also in GH
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AO- E€otou o1 Toov 10 mAijdoc v EK, KZ 16 nindel tév
HA, AO. xai €nel lodxic €0t ToAanAdolov 160 A 1ol B xol
w0 I' w00 A, Toov 8¢ 10 pev EK @ A, 16 8¢ HA w6 T,
lodic Gpat ol tolhamidotov T0 EK 100 B xai to HA tob
AL B o adta 87 lodxie €oti tohhamhdolov 10 KZ 1ol B
xol T A© 1ol A. énel olv mpdtov 10 EK deutépou tol B
lodxic Eotl moAhamhdolov ol teitov 10 HA tetdptou ol
A, Eot 8¢ xol mépntov T0 KZ Seutépou 1ol B ioduic nok-
hamhdotov xal Extov 10 AO tetdpTtou ToD A, xol cuvtedey
Gpa mpdSTov ol TéuTTov TO EZ deutépou tob B lodxig €0l
ToANamhdolov xai teitov xal Extov T HO tetdptou tol A.

I'———
A—

H A G

‘Edv 8po mpddtov deutépou iodxic 1 molhamAdoiov
xol Tpltov TeTdpTOU, Angdfi 8¢ Tol mpddTou xal TplTou
lodxic moAhamAdola, xol 8L loou T@v Angdéviwy Exdtepov
exatépou odg €otal TOAATAACIOV TO UEV Tob deuTépou
10 8¢ ToU teTdpTou: Onep Edel SETEau.

t In modern notation, this proposition reads m(n a) = (mn) a.
6/

‘Edv mpéstov mpog debtepov 1OV avtov Exr Adyov xol
teltov mpog TéTopTOY, Xal T lodxic TOAAaTAdoLa TOD TE
TEMTOL XAl TEITOL TPOC T iodxic ToANATAdGLo ToT BeuTépou
%ol TETdETOU X OTOLOVOTY TOANATAAGCLOOUOY TOV ADTOV
gZel Aoyov Angiévta xatdAnha.

Ie@tov yap 10 A mpoc deltepov 0 B tov adtov éxétw
Aoyov xal tpitov 10 I' mpoc tétoptov 10 A, %ol eihigpdw
v pev A, T’ lodoe molhamhdow w6 E, Z, t@v 8¢ B, A
Ao, & Etuyev, ioduic mohhamhdota o H, ©° Aéyw, éu
gotiv ¢ 10 E mpoc 10 H, obtwe 16 Z npoc 1o ©.

equal to C. Let EF have been divided into magnitudes
EK, KF equal to A, and GH into (magnitudes) GL, LH
equal to C. So, the number of (magnitudes) FK, KF
will be equal to the number of (magnitudes) GL, LH.
And since A and C' are equal multiples of B and D (re-
spectively), and EK (is) equal to A, and GL to C, EK
and GL are thus equal multiples of B and D (respec-
tively). So, for the same (reasons), K F' and L H are equal
multiples of B and D (respectively). Therefore, since the
first (magnitude) EK and the third GL are equal mul-
tiples of the second B and the fourth D (respectively),
and the fifth (magnitude) K F' and the sixth LH are also
equal multiples of the second B and the fourth D (re-
spectively), then the first (magnitude) and fifth, being
added together, (to give) FF, and the third (magnitude)
and sixth, (being added together, to give) GH, are thus
also equal multiples of the second (magnitude) B and the
fourth D (respectively) [Prop. 5.2].

At : : |

B—

E K F

CrH——+—
D

G L H

Thus, if a first (magnitude) and a third are equal mul-
tiples of a second and a fourth (respectively), and equal
multiples are taken of the first and the third, then, via
equality, the (magnitudes) taken will also be equal mul-
tiples of the second (magnitude) and the fourth, respec-
tively. (Which is) the very thing it was required to show.

Proposition 4f

If a first (magnitude) has the same ratio to a second
that a third (has) to a fourth then equal multiples of the
first (magnitude) and the third will also have the same
ratio to equal multiples of the second and the fourth, be-
ing taken in corresponding order, according to any kind
of multiplication whatsoever.

For let a first (magnitude) A have the same ratio to
a second B that a third C (has) to a fourth D. And let
equal multiples £ and F' have been taken of A and C
(respectively), and other random equal multiples G and
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Eivgpdo yap tév pev E, Z iodac nohhamhdolo td K,
A, @y 8¢ H, © d\a, & étuyey, iodxic noAanhdoto to M,
N.

[Koi] el iodme €oti tolamhdotoy t6 pev E 1o A, 10
0e Z tob I, xol elinnton tesv B, Z Todxc mohhanidowa ta K,
A, Todog Gpa Eotl torhanidotov 10 K 1ol A %ol 10 A oD
I, 81 t& abTar 87 iodone Eott moAhamAdotlov T M tot B xol
0 N 100 A. xal énel oty i 10 A 1pde 10 B, oltwg to T
Tpoc T0 A, xol gllnmron @V pev A, I' loduic mohhamhdoa
o K, A, t@v 8¢ B, A &\ha, & Etuyev, lodxic ToAanAdoio
@ M, N, ei dpa Onepéyel 10 K 100 M, Onepéyel xol 10 A
w00 N, xal €l loov, loov, xal €l EhatTov, Ehattov. ol €oTl
o pev K, A w@v E, Z loduic tolanidora, ta 8¢ M, N tév
H, © &\a, & Etuyeyv, lodxic morhamhdotior EGT dpo ¢ TO
E mpoc¢ 10 H, obtwe 10 Z mpog 16 ©.

‘Edv 8po mpéstov mpog debtepov Tov abTtov Exn Adyov
%ol TplTov TPOS TETUPTOV, Xal TO lodxic ToAaTAdoLa TOD TE
TEMTOL XAl TEITOL TPOC T iodxic ToANaTAdGLo Tol BeuTtépou
xal TETAPTOU TOV aUTOV EEel Adyov xad” 6molovolv ToAho-
ThaoLAopOV AN@UévTa xatdhhnhar Onep €0l BETE L.

H of B and D (respectively). I say that as F (is) to G, so
F (is) to H.
A ——

B —
E+—F—
G —+——+——

Kt f !

N+ f f {

For let equal multiples K and L have been taken of F
and F (respectively), and other random equal multiples
M and N of G and H (respectively).

[And] since F and F are equal multiples of A and
C (respectively), and the equal multiples K and L have
been taken of E and F' (respectively), K and L are thus
equal multiples of A and C (respectively) [Prop. 5.3]. So,
for the same (reasons), M and N are equal multiples of
B and D (respectively). And since as A is to B, so C' (is)
to D, and the equal multiples K and L have been taken
of A and C (respectively), and the other random equal
multiples M and N of B and D (respectively), then if K
exceeds M then L also exceeds N, and if (K is) equal (to
M then L is also) equal (to N), and if (K is) less (than M
then L is also) less (than N) [Def. 5.5]. And K and L are
equal multiples of F and F' (respectively), and M and N
other random equal multiples of G and H (respectively).
Thus, as E (is) to G, so F' (is) to H [Def. 5.5].

Thus, if a first (magnitude) has the same ratio to a
second that a third (has) to a fourth then equal multi-
ples of the first (magnitude) and the third will also have
the same ratio to equal multiples of the second and the
fourth, being taken in corresponding order, according to
any kind of multiplication whatsoever. (Which is) the
very thing it was required to show.

 In modern notation, this proposition reads that if o : 3 :: v : § then ma : n 3 :: m~ : n§, for all m and n.
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’
€.
‘Edav yéyedoc peyédouc iodxig ) molhamAdoiov, émep
dpoupedev dpopetévtog, ol t0 Aoimov tot Aoimob iodxug
€oTol TOANATALGLOY, OGUTAAGLOY E0TL TO OAOY TOD GAoU.

HT ZA

Méyedoc yap 10 AB peyédouc tob I'A ioduic Eotw nok-
hamAdotov, bnep dgatpedey 10 AE dpoupetévtog tob I'Z-
MY, 6Tl ol Aomov 16 EB Aownot 1ol ZA iodxig €oton
ToAanAdclov, 6oanAdotdy Eotv Ghov 16 AB dhou tol TA.

‘Ocoanhdolov ydp ot 10 AE 100 I'Z, tocautanidoiov
veyovétw xal 0 EB 1ol I'H.

Kol énel ioduic Eotl torhamhdoiov T0 AE 10U I'Z xal to
EB tob HT', iodxic dpa éotl toAanidolov 10 AE tob I'Z
xol T0 AB 100 HZ. xelton 8¢ iodnac morhamAdoiov 10 AE
00U I'Z xai 0 AB 100 I'A. iodxic dpa €ott tolhamAdotov to
AB éxatépou t@év HZ, TA- Toov dpa 16 HZ 16 T'A. xowov
deneniodw to I'Z- Aowmov dea to HI' hownd 16 ZA Tloov
gotlv. xol émel loduic Eotl moAamAdoov to AE 1ol I'Z
xol T EB 1ot HI', Toov 8¢ w0 HI' 16 AZ, iodxc po ot
nolanhdoov 10 AE 1ol I'Z xal 16 EB 1ol ZA. icdxic 8¢
Udxerton TohhamAdoov T AE 100 I'Z xal 1o AB tob T'A-
loduic Gpo Eotl mohhamhdoov 10 EB 1ol ZA xol to AB
700 I'A. xat howrov dpa 16 EB Aownol 100 ZA ioduic €otou
noA\anhdotov, ocanhdotdy Eotiy dhov 16 AB éhou tol T'A.

‘Eav dpa yéyedoc yeyédoug iodxic §j molhamhdoiov,
Omep dgpaupevey dpaipedévtog, xol O Aownov tol Aotmod
loduic €oton TOANATAAGLOV, OCAUTALGLOY €0TL ol TO 6Aov
00 dhou- dmep €deL BeTlan.

t In modern notation, this proposition reads ma — m 8 = m (a — ).

7.

‘Edav 800 peyédrn 80o peyeddv iodng f] moAlamhdola,
xoll GponpedévTa Tva TEY adTiY iodxe 1) moAhamhdota, xol
T Aownd Toic adtolc fitol Too éotlv 1) loduic adtésy moA-
hamhdota.

Abo ydp yeyédn ta AB, TA dbo yeyeddsyv v E, Z

Proposition 57

If a magnitude is the same multiple of a magnitude
that a (part) taken away (is) of a (part) taken away (re-
spectively) then the remainder will also be the same mul-
tiple of the remainder as that which the whole (is) of the
whole (respectively).

A E B

G C FD

For let the magnitude AB be the same multiple of the
magnitude C'D that the (part) taken away AF (is) of the
(part) taken away C'F (respectively). I say that the re-
mainder £ B will also be the same multiple of the remain-
der F'D as that which the whole AB (is) of the whole CD
(respectively).

For as many times as AE is (divisible) by C'F, so many
times let £'B also have been made (divisible) by CG.

And since AE and E B are equal multiples of C'F' and
GC (respectively), AE and AB are thus equal multiples
of CF and GF (respectively) [Prop. 5.1]. And AF and
AB are assumed (to be) equal multiples of CF and CD
(respectively). Thus, AB is an equal multiple of each
of GF and CD. Thus, GF (is) equal to CD. Let CF
have been subtracted from both. Thus, the remainder
GC